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ON THE SPECTRAL SEQUENCE ASSOCIATED WITH
THE BAUM-CONNES CONJECTURE FOR Zn
SELC¸UK BARLAK
Abstract. We examine a spectral sequence that is naturally associ-
ated with the Baum-Connes Conjecture with coefficients for Zn and
also constitutes an instance of Kasparov’s construction in his work on
equivariant KK-theory. For k ≤ n, we give a partial description of the
k-th page differential of this spectral sequence, which takes into account
the natural Zk-subactions. In the special case that the action is trivial
in K-theory, the associated second page differential is given by a formula
involving the second page differentials of the canonical Z2-subactions.
For n = 2, we give a concrete realisation of the second page differential
in terms of Bott elements. We prove the existence of Z2-actions, whose
associated second page differentials are non-trivial. One class of exam-
ples is given by certain outer Z2-actions on Kirchberg algebras, which
act trivially onKK-theory. This relies on a classification result by Izumi
and Matui. A second class of examples consists of certain pointwise in-
ner Z2-actions. One instance is given as a natural action on the group
C∗-algebra of the discrete Heisenberg group H3. We also compute the
K-theory of the corresponding crossed product. Moreover, a general
and concrete construction yields various examples of pointwise inner
Z2-actions on amalgamated free product C∗-algebras with non-trivial
second page differentials. Among these, there are actions which are uni-
versal, in a suitable sense, for pointwise inner Z2-actions with non-trivial
second page differentials. We also compute the K-theory of the crossed
products associated with these universal C∗-dynamical systems.
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0. Introduction
The study of group actions on C∗-algebras and their associated crossed prod-
uct C∗-algebras plays an important role within the field of operator algebra
theory. Beside the fact that many interesting and prominent C∗-algebras
arise naturally as crossed products, their importance is also due to the var-
ious connections to other fields such as representation theory, index theory
and topological dynamical systems.
One of the most important invariants for crossed product C∗-algebras
is topological K-theory. However, given an action of a locally compact
group on a C∗-algebra, it is often very difficult to compute the K-theory
of the corresponding crossed product, even if the K-theory of the under-
lying C∗-algebra is well understood. One approach to the computation of
the K-theory of the reduced crossed product is proposed by the famous
Baum-Connes Conjecture [3, 4]. The conjecture in its general form involv-
ing coefficients predicts that for any second countable locally compact group
G, any C∗-algebra A, and any strongly continuous G-action α : Gy A, the
assembly map
µA : K
top
∗ (G;A)→ K∗(A⋊α,r G)
is an isomorphism, see also [4]. This conjecture is known to hold for a
strikingly large class of groups. In this context, let us emphasize the deep
work of Higson and Kasparov [17] on groups with the Haagerup property,
and of Lafforgue [22] on hyperbolic groups.
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The left hand side, Ktop∗ (G;A), is the topological K-theory for G with
coefficients in A. Beside others, the importance of the Baum-Connes Con-
jecture stems from the fact that the topological nature of Ktop∗ (G;A) allows
for computational tools, which are not evident to exist on the right hand
side of the assembly map. Among others, there always exists a spectral
sequence associated with Ktop∗ (G;A).
In this paper, the spectral sequence for G = Zn is the object of our
interest. Provided that A is separable, an elegant C∗-algebraic description
of this spectral sequence can be derived from the formulation of the Baum-
Connes Conjecture due to Meyer and Nest [28]. In their framework, the left
hand side of the assembly map is given as K∗(S
n(C0(R
n) ⊗ A) ⋊σ⊗α Z
n),
where σ is induced by the natural action of Zn on Rn. The natural filtration
of Rn by its skeletons yields a finite cofiltration of (C0(R
n) ⊗ A) ⋊σ⊗α Z
n
by C∗-algebras. Given such a cofiltration, there is a standard procedure
relying on Massey’s technique of exact couples [26, 27], which produces a
spectral sequence converging to the K-theory of the cofiltrated C∗-algebra.
This is in great analogy to Schochet’s [38] spectral sequence associated with
filtrations of C∗-algebras by closed ideals. In this way, the left hand side
of the assembly map gives rise to a spectral sequence, which, in principle,
allows us to compute the K-theory of the crossed product A⋊α Z
n.
The Baum-Connes spectral sequence for Zn is also induced by a natural
cofiltration of the mapping torus Mα(A). In fact, the C
∗-algebras Mα(A)
and (C0(R)⊗A)⋊σ⊗αZ
n are strongly Morita equivalent in a natural way by
a result of Raeburn and Williams [34]. As a consequence, the two spectral
sequences are isomorphic. It seems that the description of the spectral
sequence in terms of the mapping torus cofiltration has some advantages
when it comes to investigating the occurring differentials. In the special
case of a single automorphism, for example, this identification can be used
to deduce the Pimsner-Voiculescu sequence [33] from the left hand side of
the Baum-Connes assembly map. The spectral sequence associated with the
mapping torus cofiltration already appeared as a special case of Kasparov’s
much more general construction in [20, 6.10]. So far, it has been used in
different contexts, see for example [5, 37].
As always when working with spectral sequences, it is crucial, and in many
cases very difficult, to understand the corresponding differentials. Therefore,
this work is supposed to provide a starting point for a systematic investiga-
tion of the differentials of the Baum-Connes spectral sequence for Zn. Our
technical main result in this direction, Theorem 2.4, yields a partial descrip-
tion of the k-th page differential in terms of the canonical Zk-subactions.
Although this description is far from being complete, it permits some inter-
esting observations. For example, we obtain a complete description of the
differential d1 on the E1-term. The pair (E1, d1) turns out to coincide with
the Pimsner-Voiculescu complex defined by Savignen and Bellissard [37],
which reveals a striking similarity with the Pimsner-Voiculescu sequence.
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In particular, d1 is completely determined by the induced Z
n-action in K-
theory. This representation of the E1-term also allows us to identify the
E2-term as the group cohomology of Z
n with values in K∗(A), which has al-
ready been pointed out by Kasparov in [20, 6.10]. Moreover, for a Zn-action,
which induces the trivial action onK-theory, we completely describe the sec-
ond page differential in terms of the second page differentials of the canonical
Z2-subactions.
The main focus of this paper, however, is on the K-theory for crossed
products by Z2-actions. The case of Z2-actions is still quite accessible via
elementary methods, so that we are able to provide a concrete description
of the corresponding second page differentials. This requires that we switch
back from the topological perspective of the mapping torus to the algebraic
perspective of the crossed product. Moreover, we discuss several instances
of Z2-actions on C∗-algebras, whose associated second page differentials are
non-trivial. This shows that, unlike for Z-actions, theK-theory for a crossed
product by a Z2-action is in general not determined, up to group extension
problems, by the induced action on K-theory. Some of these examples are of
independent interest, and we compute the K-theory of their corresponding
crossed products.
The existence of one large class of Z2-actions with non-trivial second page
differential turns out to be a consequence of Izumi’s and Matui’s classifica-
tion of outer locally KK-trivial Z2-actions on Kirchberg algebras, see [18].
As a second class, we consider pointwise inner Z2-actions. Contrary to the
na¨ıve expectation, we find examples with non-trivial second page differential
even within this class of actions. This is even more remarkable, as Z2-actions
arising from group representations into the unitary group of the underlying
C∗-algebra all give rise to isomorphic crossed products. An instructive exam-
ple, which is also of interest in its own right, is given as a natural pointwise
inner Z2-action on the group C∗-algebra of the discrete Heisenberg group
H3. This C
∗-algebra has already obtained a great deal of attention, whereat
we point out the thorough investigation of Anderson and Paschke [1]. We
conclude this paper by giving a general construction of pointwise inner Z2-
actions on certain amalgamated free product C∗-algebras. Among these, we
find actions which are universal, in a suitable sense, for non-trivial second
page differentials coming from pointwise inner Z2-actions. We also compute
theK-theory of the crossed products associated with these universal actions.
The paper is organised as follows. In the first section we shortly recall
the construction of the Baum-Connes spectral sequence and of Kasparov’s
spectral sequence for Zn. Both spectral sequences are induced by natural
cofiltrations of C∗-algebras, and it turns out that they are isomorphic. The
general machinery of producing a spectral sequence to a given finite cofil-
tration of C∗-algebras and some further information on spectral sequences
can be found in the appendix.
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In the second section, we investigate the differentials of the Baum-Connes
spectral sequence. The definition of the spectral sequence using exact cou-
ples in the sense of Massey [26, 27] allows us to obtain a partial description
of the k-th page differential in terms of the canonical Zk-subactions. By ap-
plying our general result to the particular case k = 1, we conclude that the
E1-term of the Baum-Connes spectral sequence coincides with the Pimsner-
Voiculescu complex defined by Savignen and Bellissard [37]. We use this
description to identify the E1-term as a certain Koszul complex over the
integral group ring of Zn. With this description at hand, it is more or less
standard to show that the E2-term coincides with the group cohomology of
Zn with values in K∗(A), where the Z
n-module structure is induced by α.
At the end of this section, we slightly extend our technical main result in
the case that k = 2. As a consequence, we get a complete description of
the second page differential in terms of the second page differentials of the
canonical Z2-subactions, provided that the Zn-action is trivial on K-theory.
In the third section, we provide concrete lifts for images under the bound-
ary map of the Pimsner-Voiculescu sequence ρ∗ : K∗(A ⋊α Z) → K∗+1(A).
The lifts for ρ1 are well-known and easily found by using the partial isometry
picture of the index map. They are all given as, what we call, generalised
Bott elements associated with a commuting pair of a projection and a uni-
tary. Finding suitable lifts for ρ0 is more difficult. These are given as
generalised Bott elements in the sense of Exel [16]. To define these lifts, we
use a result by Dadarlat [14], which provides an alternative description of
the K1-group for a unital C
∗-algebra.
In the fourth section, we use the results of the third section and give a
concrete description for the second page differential associated with a Z2-
action. Given a Z2-action α on A with canonical generators α1 and α2,
the natural extension αˇ2 ∈ Aut(A ⋊α1 Z) induces an endomorphism of the
Pimsner-Voiculescu sequence for α1, which we suitably interpret as a short
exact sequence. The second page differential associated with α then basically
reduces to the Snake Lemma homomorphism of the corresponding diagram.
Using this identification, we see that the image of this differential consists
of generalised Bott-elements.
In the fifth section, we exploit Izumi’s and Matui’s classification result
[18] to show the existence of Z2-actions on Kirchberg algebras, whose asso-
ciated second page differentials do not vanish. Given a Kirchberg algebra
A, we show that their classification invariant of a locally KK-trivial action
α : Z2 y A, which is an element in KK(A,SA), descends to the associ-
ated second page differential, which basically amounts to a homomorphism
K∗(A) → K∗−1(A). They prove that every element in KK(A,SA) is re-
alised as the invariant of such a Z2-action, provided that A is stable. If
A moreover satisfies the universal coefficient theorem (UCT) by Rosenberg
and Schochet [36], then every homomorphism K∗(A)→ K∗−1(A) occurs as
the second page differential of some Z2-action on A.
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In the sixth section, we provide examples of pointwise inner Z2-actions,
which induce non-trivial second page differentials. After a general discussion
on the second page differential of a pointwise inner Z2-action, we consider
the group C∗-algebra of the discrete Heisenberg group C∗-algebra, C∗(H3),
equipped with a natural pointwise inner action. This action is universal
in the sense that every pointwise inner Z2-action on a unital C∗-algebra B
gives rise to an equivariant and unital ∗-homomorphism B → C∗(H3). We
show that the associated second page differential is non-trivial and compute
the K-theory of the corresponding crossed product. It turns out that this
crossed product is not isomorphic in K-theory to the crossed product of
C∗(H3) by the trivial Z
2-action. Finally, we present a general method of
constructing pointwise inner actions, which induce non-trivial second page
differentials. All occurring C∗-algebras are given as amalgamated free prod-
ucts of the form A ∗C(T) B. We require that A is equipped with a poinwise
inner action, which has the property that the commutator of the two imple-
menting unitaries has full spectrum. Moreover, B is supposed to contain a
central unitary with full spectrum. This central unitary gets identified under
the amalgamation process with the abovementioned commutator and allows
us to extend the action of A to a pointwise inner action on A ∗C(T) B. An
additional, relatively mild K-theoretical assumption on B ensures that the
second page differential associated with the action on A∗C(T)B is non-trivial.
Among the constructed examples, we find C∗-dynamical systems which are
universal, in a suitable sense, for non-trivial second page differentials asso-
ciated with pointwise inner Z2-actions. We compute the K-theory of the
crossed products associated with these universal C∗-dynamical systems.
This paper is based on the main part of my doctoral thesis completed at
Westfa¨lische Wilhelms-Universita¨t Mu¨nster. I would like to thank my advi-
sor Joachim Cuntz for his guidance and several helpful discussions. More-
over, I am grateful to Siegfried Echterhoff, Dominic Enders, Sven Raum,
Nicolai Stammeier, Ga´bor Szabo´, Christian Voigt, Christoph Winges, and
Wilhelm Winter for inspiring dicussions held in the course of my doctoral
studies. I would also like to thank Dominic Enders, Sven Raum, Nicolai
Stammeier, Ga´bor Szabo´, and Christoph Winges for their valuable feedback
on preliminary versions. Finally, I would also like to thank Chris Phillips
for pointing out to me the existence of certain K-theoretically trivial actions
α : Z2 y A with the property that A ⋊α Z
2 and A ⋊id Z
2 have different
K-theory.
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1. Preliminaries
Notation 1.1. Unless specified otherwise, we will stick to the following
notations throughout the paper.
• For a C∗-algebra A, we write M(A) for its multiplier algebra and
Z(A) for the its centre.
• For a C∗-algebra A and n ∈ N, let Pn(A) denote the set of projections
in Mn(A). If A is unital, then Un(A) denotes the set of unitaries in
Mn(A).
• For elements a, b in a C∗-algebra A, [a, b] = ab− ba denotes commu-
tator of a and b.
• IfH is a Hilbert space, then K(H) denotes the C∗-algebra of compact
operators on H. Moreover, K denotes the compact operators on a
separable infinite dimensional Hilbert space.
• T denotes the Toeplitz algebra and v ∈ T the canonical isometry.
• We write {e1, . . . , en} for the canonical Z-basis of Z
n.
• For a C∗-algebra A and an action α : Zn y A, we write αi = αei ∈
Aut(A). Given an equivariant ∗-homomorphism ϕ : (A,α,Zn) →
(B, β,Zn), we write ϕˇ : A⋊αZ
n → B⋊βZ
n for the natural extension
of ϕ.
Let A be a separable C∗-algebra and α : Zn y A an action by auto-
morphisms. We shortly recall the definition of the associated Baum-Connes
assembly map by using the framework of Meyer and Nest [28]. Let C0(R
n)
be equipped with the Zn-action σ given by left translation, and consider
Sn and C as trivial Zn-algebras. Let D ∈ KKZ
n
(SnC0(R
n),C) denote the
Dirac operator and DA ∈ KK
Zn(SnC0(R
n)⊗A,A) the element obtained by
taking the exterior product of D with the identity on A. The assembly map
is the homomorphism
µA : K∗(S
n(C0(R
n)⊗A)⋊σ⊗α Z
n)→ K∗(A⋊α Z
n)
induced by the image of DA under the descent homomorphism
KKZ
n
(SnC0(R
n)⊗A,A)→ KK(Sn(C0(R
n)⊗A)⋊σ⊗α Z
n, A⋊α Z
n).
The validity of the Baum-Connes Conjecture with coefficients for Zn is a
consequence of the fact that D is invertible, which in turn follows from
Kasparov’s [20] Dirac-dual Dirac method.
Notation 1.2. For a sequence of natural numbers 1 ≤ µ1 < . . . < µk ≤ n,
we write µ = (µ1, . . . , µk) for the induced k-tuple, and define T (k, n) to be
the set of all such ordered k-tuples. By convention, T (0, n) is the set that
contains only the empty tuple. We do not distinguish between a 1-tuple
λ ∈ T (1, n) and the corresponding number λ1.
Consider the natural filtration of Rn by its skeletons
∅ = Y−1 ⊂ Y0 ⊂ · · · ⊂ Yn = R
n,
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that is,
Yk =
{
(x1, . . . , xn) ∈ R
n : xµ1 , . . . , xµn−k ∈ Z for some µ ∈ T (n− k, n)
}
.
As each Yk ⊂ R
n is invariant under the canonical action of Zn, the above
filtration yields a finite cofiltration of C∗-algebras
(C0(R
n)⊗A)⋊σ⊗α Z
n =: Cn // // · · · // // (C0(Z
n)⊗A)⋊σ⊗α Z
n =: C0.
(1)
A standard procedure, which we explain in Appendix A, yields a coho-
mological spectral sequence converging to K∗((C0(R
n) ⊗ A) ⋊σ⊗α Z
n) ∼=
K∗+n(A⋊α Z
n).
Definition 1.3. Let A be a separable C∗-algebra and α : Zn y A an
action. We call the spectral sequence induced by the cofiltration (1) the
Baum-Connes spectral sequence for α.
A slightly different picture of this (or strictly speaking of an isomorphic)
spectral sequence turns out to be better suited for our purposes. As Zn acts
freely and properly on Rn, an imprimitivity result by Raeburn and Williams
[34, Theorem 2.2] yields that (C0(R
n)⊗A)⋊σ⊗α Z
n is Morita equivalent to
the mapping torus associated with α, which by definition is the C∗-algebra
Mα(A) := {f ∈ C(R
n, A) : f(x+ z) = αz(f(x)), x ∈ R
n, z ∈ Zn} .
The conceptual reason for this lies in the fact thatMα(A) is the generalised
fixed point algebra of the Rieffel proper Zn-action σ⊗α, see [35]. Obviously,
the restriction to [0, 1]n ⊂ Rn induces a ∗-isomorphism between the mapping
torus and the C∗-algebra of functions f ∈ C([0, 1]n, A) satisfying
f(t1, . . . , ti−1, 1, ti+1, . . . , tn) = αi(f(t1, . . . , ti−1, 0, ti+1, . . . , tn))
for all t1, . . . , tn ∈ [0, 1]. We will use this identification without further
mentioning.
Consider the following filtration of the n-cube
∅ = X−1 ⊂ X0 ⊂ · · · ⊂ Xn = [0, 1]
n,
where
Xk :=
{
t ∈ [0, 1]n : tµ1 = . . . = tµn−k = 0 for some µ ∈ T (n− k, n)
}
.
This filtration gives rise to a finite cofiltration of the mapping torus
Mα(A) =: Fn
pin // // Fn−1
pin−1 // // · · · // // F0 := A
pi0 // // F−1 := 0,
(2)
which in turn induces a spectral sequence converging to K∗(Mα(A)). This
spectral sequence is a special case of (the cohomological analogue of) a much
more general construction due to Kasparov [20, 6.10].
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Proposition 1.4. Let A be a separable C∗-algebra and α : Zn y A an
action. Then the Baum-Connes spectral sequence for α is isomorphic to the
spectral sequences associated with the mapping torus cofiltration (2).
Proof. As Zn also acts freely and properly on Yk for k = 0, . . . , n, the result
of Raeburn and Williams [34, Theorem 2.2] yields an imprimitivity bimodule
Zk between Ck and the C
∗-algebra
{f ∈ C(Yk, A) : f(x+ z) = αz(f(x)), x ∈ Yk, z ∈ Z
n} ,
which is isomorphic to Fk by restriction to Xk ⊂ Yk. From the defini-
tion, one can deduce that these imprimitivity bimodules are compatible
in the sense that for k = 1, . . . , n, there exists a surjective C-linear vec-
tor space homomorphism Zk → Zk−1 respecting the module structures and
the inner products. Let Lk and Lk−1 denote the linking algebras for Zk
and Zk−1, respectively, see [10]. As the surjection Zk → Zk−1 preserves
all the structures of the imprimitivity bimodules, we obtain a surjective
∗-homomorphism Lk → Lk−1 making the following diagram commute
Ck

  / Lk

Fk

? _o
Ck−1
  // Lk−1 Fk−1?
_oo
Brown’s stabilisation theorem [9] now yields isomorphisms Ck⊗K
∼=
−→ Fk⊗K
making the following diagram of cofiltrations commute
(C0(R
n)⊗A)⋊σ⊗α Z
n ⊗K // //
∼=

Cn−1 ⊗K
∼=

// // · · · // // A⊗K
∼=

Mα(A)⊗K // // Fn−1 ⊗K // // · · · // // A⊗K
Hence, the cofiltration preserving isomorphism (C0(R
n) ⊗ A) ⋊σ⊗α Z
n
∼=
−→
Mα(A) ⊗ K induces an isomorphism between the two spectral sequences
associated with (1) and (2), see also Appendix A. 
In the following, we shall use this identification between these two spectral
sequences without further mentioning.
Let us also mention that K∗(Mα(A)) and K∗+n(A⋊αZ
n) are isomorphic
even if A is not necessarily separable. This can be seen by combining a
result by Olesen and Pedersen [30, Theorem 2.4] with Takai duality [39]
and Connes’ Thom isomorphism [11]. A complete proof for this well-known
result can be found in the author’s doctoral thesis [2, Section 1.2]. For
this reason, we will in the following not restrict to separable C∗-algebras.
However, to keep notation simple, we will always use the term Baum-Connes
spectral sequence, even if the underlying C∗-algebra is not separable. Given
a Zn-action, we shall, if not stated otherwise, denote by (Ek, dk)k≥1 the
associated Baum-Connes spectral sequence.
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2. The differentials of the Baum-Connes spectral sequence
We shall start this section by examining the E1-term of the Baum-Connes
spectral sequence. For this, we have to introduce some further notation.
Notation 2.1. Let n ∈ N. If k ≤ l ≤ n and if the underlying set of
µ ∈ T (k, n) is contained in ν ∈ T (l, n), then we write µ ⊆ ν. In this
situation, we define ν\µ ∈ T (l−k, n) as the unique element whose underlying
set is the set difference of the underlying sets of ν and µ. For µ ∈ T (k, n),
let µ⊥ ∈ T (n− k, n) be the unique element disjoint to µ.
For k = 1, . . . , n, let Λk(Zn) be the k-th component of the exterior algebra
over Zn. We use the convention that Λ0(Zn) = Z and Λk(Zn) = 0 whenever
k < 0 or k > n. We write eµ := eµ1 ∧ · · · ∧ eµk ∈ Λ
k(Zn) for µ ∈ T (k, n).
If µ ∈ T (0, n) is the empty tuple, then we define eµ := 1. We also agree on
the convention that eµ ∧ 1 = 1 ∧ eµ = eµ.
Remark 2.2. The set {eµ : µ ∈ T (k, n)} defines a Z-basis for Λ
k(Zn).
Hence, if we equip T (k, n) with the lexicographical ordering, then the natu-
ral order-preserving bijection T (k, n) ∼=
{
1, . . . ,
(n
k
)}
yields a group isomor-
phism Λk(Zn) ∼= Z(
n
k). Observe that this isomorphism exists for all k ∈ Z
since
(
n
k
)
= 0 whenever k < 0 or k > n. We will use these identifications
throughout this section.
Let A be a C∗-algebra, α : Zn y A an action and let (Ek, dk)k≥1 denote
the Baum-Connes spectral sequence for α. Recall the mapping torus cofil-
tration (2) associated with α. We trivially extend this cofiltration by setting
Fp := Fn for p > n, Fp := 0 for p < −1, and πp := idFp in either case. The
ideal Ip := ker(πp) gives rise to a short exact sequence
0 // Ip
ιp // Fp
pip // Fp−1 // 0,
whose associated boundary map is denoted by ρ
(p)
∗ : K∗(Fp−1)→ K∗+1(Ip).
We shall refer to Fp as the p-skeleton of Mα(A).
For 1 ≤ p ≤ n and µ ∈ T (p, n), let α(µ) denote the Zp-action gen-
erated by αµ1 , . . . , αµp . Consider the associated mapping torus Mα(µ)(A)
and let F (µ)k denote the k-skeleton of the respective cofiltration (2). Fur-
thermore, we write (E(µ)k, d(µ)k)k≥1 for the spectral sequence associated
with (A,α(µ),Zp). We obtain Mα(µ)(A) as the quotient of Fp under the
surjective ∗-homomorphism induced by the restriction to the closed subset
X(µ) :=
{
t ∈ [0, 1]n : tµ⊥1
= . . . = tµ⊥n−p
= 0
}
⊂ Xp.
This surjection fits into a commutative diagram
0 // Ip //
χ(µ)

Fp //

Fp−1 //
pi(µ)

0
0 // SpA //Mα(µ)(A) // F (µ)p−1 // 0
(3)
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and we write ρ(µ)∗ : K∗(F (µ)p−1) → K∗+1(S
pA) for the boundary map
associated with the lower row extension. Since
Xp =
⋃
µ∈T (p,n)
X(µ),
we conclude from diagram (3) that Fp is an iterative pullback of the
(n
p
)
many mapping tori of the natural Zp-subactions glued together over the(
n
p−1
)
many mapping tori of the natural Zp−1-subactions. This also shows
that the ∗-homomorphism
χ = (χ(µ))µ∈T (p,n) : Ip
∼=
−→ (SpA)(
n
p)(4)
is an isomorphism. With the convention that S0A := A, the E1-term is
therefore given by
Ep,q1 := Kp+q(Ip)
∼=
{
Kp+q(S
pA)⊗Z Λ
p(Zn) , for 0 ≤ p ≤ n,
0 , for p < 0 and p > n.
We proceed with a description of the differentials dk in terms of the bound-
ary maps ρ(µ)∗. Observe that for a Z
n-action, the associated differential
dp,qk : E
p,q
k → E
p+k,q−k+1
k can only be non-trivial if 0 ≤ p, p+ k ≤ n, see also
Appendix A.
Lemma 2.3. Assume that 0 ≤ p ≤ n and 1 ≤ k ≤ n − p. Let g ∈ Ep,qk
be represented by x ∈ Kp+q(S
pA) ⊗Z Λ
p(Zn). Let y ∈ Kp+q(Fp+k−1) be a
lift for Kp+q(ιp)(x) ∈ Kp+q(Fp) under the map induced by the surjection
Fp+k−1 → Fp. For µ ∈ T (p+ k, n), set
yµ := Kp+q(π(µ))(y) ∈ Kp+q(F (µ)p+k−1).
Then the differential dp,qk : E
p,q
k → E
p+k,q−k+1
k satisfies
dp,qk (g) =

 ∑
µ∈T (p+k,n)
ρ(µ)p+q(yµ)⊗ eµ

 ∈ Ep+k,q−k+1k .
Proof. The definition of (Ek, dk)k≥1 in terms of exact couples yields that
dp,qk (g) is given by the class of ρp+q(y) in E
p+k,q−k+1
k , where
ρp+q : Kp+q(Fp+k−1)→ Kp+q+1(Ip+k)
is the boundary map associated with the surjection πp+k : Fp+k → Fp+k−1,
see also Remark A.2. For every µ ∈ T (p+ k, n), the respective diagram (3)
together with the identification (4) yields a commutative diagram
K∗(Fp+k−1)
ρ∗ //
K∗(pi(µ))

K∗+1(S
p+kA)⊗Z Λ
p(Zn)
prµ

K∗(F (µ)p+k−1)
ρ(µ)∗ // K∗+1(S
p+kA)
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where prµ is the canonical projection onto the coordinate labelled by µ.
Thus,
dp,qk (g) = [ρp+q(y)]
=
[ ∑
µ∈T (p+k,n)
(ρ(µ)p+q ◦Kp+q(π(µ)))(y) ⊗ eµ
]
=
[ ∑
µ∈T (p+k,n)
ρ(µ)p+q(yµ)⊗ eµ
]
∈ Ep+k,q−k+1k .

In [37, Theorem 2], Savignen and Bellissard define the Pimsner-Voiculescu
complex (CPV , dPV ) as
Cp,qPV := Kq(A)⊗Z Λ
p(Zn),
dp,qPV : C
p,q
PV → C
p+1,q
PV , x⊗ e 7→
n∑
k=1
(Kq(αk)− id)(x)⊗ (e ∧ ek)
for p, q ∈ Z. Observe that Bott periodicity allows us to identify E1 ∼= CPV ,
which we shall do for the remainder of this section. They point out that
this isomorphism actually intertwines the differentials d1 and dPV , so that
the E2-term is obtained as the cohomology of (CPV , dPV ). Moreover, they
explicitly prove this for special situations they are interested in.
In the following we shall give a complete proof for the identification of
(E1, d1) with the Pimsner-Voiculescu complex. This turns out to be a con-
sequence of this section’s technical main result:
Theorem 2.4. Let 0 ≤ p ≤ n, 1 ≤ k ≤ n−p, and µ ∈ T (p, n). Assume that
x ∈ Kq(A) represents an element [x] ∈ E(µ
⊥)0,qk . Then x⊗ eµ ∈ Kq(A)⊗Z
Λp(Zn) represents an element [x⊗eµ] ∈ E
p,q
k . Its image under the differential
dp,qk : E
p,q
k → E
p+k,q−k+1
k is given as follows. Let y ∈ Kq(F (µ
⊥)k−1) be a
lift for x ∈ Kq(A) under the map induced by the surjection F (µ
⊥)k−1 →
F (µ⊥)0 = A. For λ ∈ T (k, n), we set yλ ∈ Kq(F (λ)k−1) to be the image
of y under Kq(F (µ
⊥)k−1) → Kq(F (λ)k−1) if λ ⊆ µ
⊥, and zero otherwise.
Then
dp,qk ([x⊗ eµ]) =

 ∑
λ∈T (k,n)
ρ(λ)q(yλ)⊗ (eµ ∧ eλ)

 ∈ Ep+k,q−k+1k .
Proof. Let σ : {1, . . . , n}
∼=
−→ {1, . . . , n} be the permutation given by
σ−1(l) :=
{
µl , if 1 ≤ l ≤ p,
µ⊥l−p , if p+ 1 ≤ l ≤ n.
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Consider the injective ∗-homomorphism
ι : C0((0, 1)
p × [0, 1]n−p, A) −֒→ C([0, 1]n, A),
ι(f)(t1, . . . , tn) = f(tσ(1), . . . , tσ(n)),
which gives rise to the following commutative diagram of cofiltrations
SpMα(µ⊥) // //
 _
ι

SpF (µ⊥)n−p−1 // // _
ιn−p−1

· · · // // SpA // // _
ι0

0 //

· · · // 0

Mα(A) // // Fn−1 // // · · · // // Fp // // Fp−1 // // · · · // // A
(5)
Write (E˜k, d˜k)k≥1 for the spectral sequence associated with the upper row
cofiltration after having applied Bott periodicity. Observe that ι gives rise to
a morphism of spectral sequences (Ek(ι) : E˜k → Ek)k≥1. By construction,
it holds that Ek(ι)([x]) = [x⊗ eµ] ∈ E
p,q
k .
Let Jk := ker(S
pF (µ⊥)k → S
pF (µ⊥)k−1). For every ν ∈ T (p+ k, n) with
µ ⊆ ν, (5) gives rise to a commutative diagram with exact rows
Jk
  //
 _
η

 ❁
❁❁
❁❁
❁❁
SpF (µ⊥)k // // _
ιk

$$ $$❏
❏❏
❏❏
❏❏
❏❏
❏
SpF (µ⊥)k−1 _
ιk−1

%% %%❑❑
❑❑
❑❑
❑❑
❑❑
❑
Sp(SkA) 
 //
 _
η(ν)

SpMα(ν\µ)(A) // //
 _
κ

SpF (ν \ µ)k−1 _

Ip+k
  //
 ❁
❁❁
❁❁
❁❁
Fp+k
%% %%❏❏
❏❏
❏❏
❏❏
❏❏
// // Fp+k−1
%% %%▲▲
▲▲
▲▲
▲▲
▲▲
Sp+kA 
 //Mα(ν)(A) // // F (ν)p+k−1
As observed before, the maps
Jk ∼= (S
p(SkA))(
n−p
k ) → Sp(SkA) and Ip+k ∼= (S
p+kA)(
n
p+k) → Sp+kA
are the canonical surjections onto the coordinate labelled by ν \ µ and ν,
respectively. Let σ(ν) : {1, . . . , p+ k}
∼=
−→ {1, . . . , p + k} be the permutation
given by
σ(ν)−1(l) :=
{
µl , if 1 ≤ l ≤ p,
(ν \ µ)l−p , if p+ 1 ≤ l ≤ p+ k.
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As above, κ : SpMα(ν\µ)(A) →Mα(ν)(A) is induced by the injective ∗-ho-
momorphism
κ : C0((0, 1)
p × [0, 1]p+k, A)→ C([0, 1]n, A),
κ(f)(t1, . . . , tn) = f(tσ(ν)(1), . . . , tσ(ν)(n)).
Hence, by using the canonical isomorphism Sp(SkA) ∼= Sp+kA, we see that
the ∗-automorphism η(ν) : Sp+kA
∼=
−→ Sp+kA is induced by the homeomor-
phism of Rp+k which permutes the coordinates via σ(ν). It therefore follows
that K∗(η(ν)) = sgn(σ(ν)) · id. Observe that this also shows that
K∗(η) : K∗(S
p+kA)⊗Z Λ
k(Zn−p)→ K∗(S
p+kA)⊗Z Λ
p+k(Zn)
is injective. Using Lemma 2.3 and the fact that
eν = sgn(σ(ν)) · eµ ∧ eν\µ ∈ Λ
p+k(Zn),
we conclude that
dp,qk ([x⊗ eµ]) = d
p,q
k (E
p,q
k (ι)([x]))
= Ep,qk (ι)(d˜
p,q
k ([x]))
= Ep,qk (ι)



 ∑
λ∈T (k,n):
λ⊆µ⊥
ρ(λ)q(yλ)⊗ eλ




=

Kq+1(η)

 ∑
λ∈T (k,n):
λ⊆µ⊥
ρ(λ)q(yλ)⊗ eλ




=

 ∑
ν∈T (p+k,n):
µ⊆ν
Kq+1(η(ν))(ρ(ν \ µ)q(yν\µ))⊗ eν


=
[ ∑
λ∈T (k,n)
ρ(λ)q(yλ)⊗ (eµ ∧ eλ)
]
∈ Ep+k,q−k+1k .

Corollary 2.5. The isomorphism E1 ∼= CPV intertwines the differentials
d1 and dPV .
Proof. If k = 1, then the assumptions in Theorem 2.4 are satisfied for every
µ ∈ T (1, n) and x ∈ Kq(A). For each λ ∈ T (1, n), ρ(λ)∗ is the boundary map
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associated with the six-term exact sequence of the mapping torus extension
0 // SA //Mαλ(A)
ev0 // A // 0.
Hence, by Bott periodicity, we obtain ρ(λ)∗ = K∗(αλ) − id, and Theorem
2.4 then yields
dp,q1 (x⊗ eµ) =
n∑
λ=1
(Kq(αλ)− id)(x) ⊗ (eµ ∧ eλ).

In [20, 6.10], Kasparov points out that the E2-term of the spectral se-
quence associated with (2) is given by the group cohomology of Zn with
values in K∗(A) (where the Z
n-module structure is induced by α). For the
reader’s convenience, we attach a complete proof for this here. For the defi-
nition and important properties of group cohomology, the reader is referred
to [8].
Let R := Z[Zn] be the integral group ring of Zn and ti ∈ Z
n ⊆ R de-
note the i-th canonical basis element for i = 1, . . . , n. The Koszul complex
(G∗, g∗) associated with the finite sequence t1 − 1, . . . , tn − 1 ∈ R is the
Z-graded R-complex given by
Gp := Λ
p(Rn),
gp : Gp → Gp−1, gp(eµ) :=
n∑
k=1
(−1)k(tk − 1)eµ\(µk),
see also [41, Section 4.5]. For fixed q ∈ {0, 1}, α induces an R-module
structure on Kq(A). We pass to the corresponding cohomological Koszul
complex (G∗, g∗) with coefficients in the R-module Kq(A)
Gp := HomR(Gp,Kq(A)),
gp : Gp → Gp+1, gp(f) := f ◦ gp+1.
Using the R-module isomorphism
Gp ∼= HomR(Gp, R)⊗R Kq(A) ∼= Gp ⊗R Kq(A) ∼= C
p,q
PV ,
one can check that the two complexes (C∗,qPV , d
∗,q
PV ) and (G
∗, g∗) are isomor-
phic, and hence give rise to the same cohomology groups.
Corollary 2.6. Let A be a C∗-algebra and α : Zn y A an action. Let
(Ek, dk)k≥1 denote the Baum-Connes spectral sequence for α. Then the E2-
term satisfies
Ep,q2
∼= Hp(Zn,Kq(A)), p, q ∈ Z.
Proof. By the definition of group cohomology, we only have to show that
the Koszul complex (G∗, g∗) defines a projective R-resolution of Z (regarded
as a trivial module over R). For this, it is sufficient to know that the
finite sequence t1 − 1, . . . , tn − 1 is regular, that is, (t1 − 1, . . . , tn − 1)R 6=
R, and for i = 1, . . . , n, the element ti − 1 defines a non-zero-divisor in
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R/(t1 − 1, . . . , ti−1 − 1)R, see [23, Chapter XXI, Theorem 4.6a)]. The first
condition holds since (t1 − 1, . . . , tn − 1)R is the augmentation ideal, which
satisfies
R/(t1 − 1, . . . , tn − 1)R ∼= Z.
Concerning the second condition, note that for i = 1, . . . , n, there is an
isomorphism
R/(t1 − 1, . . . , ti−1 − 1)R ∼= Z[Z
n−i+1].
However, for k ∈ N, the group ring Z[Zk] is known to have no zero-divisors,
see [25, 29]. 
Although Theorem 2.4 is very useful, it does not provide a complete
description of the differentials dk. First, not every element g ∈ E
p,q
k is
decomposable in the sense that there are xµ ∈ Kq(A), indexed by µ ∈
T (p, n), such that [x⊗ eµ] ∈ E
p,q
k and
g =
∑
µ∈T (p,n)
[xµ ⊗ eµ] ∈ E
p,q
k .
However, even if x ∈ Kq(A) satisfies [x⊗ eµ] ∈ E
p,q
k for some µ ∈ T (p, n), it
is not clear whether x defines an element [x] ∈ E(µ⊥)0,qk . In fact, we do not
automatically obtain a lift for the corresponding element y ∈ Kp+q(S
pA) to
an element in Kp+q(S
pF (µ⊥)k−1) if we know that y ⊗ eµ ∈ Kp+q(Ip) lifts
to an element in Kp+q(Fp+k−1). Nevertheless, this second problem does not
occur for k = 2.
Corollary 2.7. Let 0 ≤ p ≤ n−2 and µ ∈ T (p, n). Assume that x ∈ Kq(A)
gives rise to an element [x⊗ eµ] ∈ E
p,q
2 . Then [x] ∈ E(µ
⊥)0,q2 , and with the
notation from Theorem 2.4, it follows that
dp,q2 ([x⊗ eµ]) =

 ∑
λ∈T (2,n)
ρ(λ)q(yλ)⊗ (eµ ∧ eλ)

 ∈ Ep+2,q−12 .
Proof. Using the notation of the proof of Theorem 2.4, we consider the
commutative diagram with exact rows
0 // Sp(SA)(
n−p
1 ) //
η

SpF (µ⊥)1 //

SpA //

0
0 // (Sp+1A)(
n
p+1) // Fp+1 // Fp // 0
Naturality of K-theory yields a commutative diagram
Kp+q(S
pA)
ρ˜p+q //

Kp+q+1(S
p+1A)⊗Z Λ
1(Zn−p)
Kp+q+1(η)

Kp+q(Fp)
ρp+q // Kp+q+1(S
p+1A)⊗Z Λ
p+1(Zn)
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Let w ∈ Kp+q(S
pA) be the unique element corresponding to x ∈ Kq(A)
under the Bott isomorphism. By the definition of the E2-term, we have that
ρp+q(w ⊗ eµ) = 0. The proof of Theorem 2.4 shows that K∗(η) is injective,
and hence ρ˜p+q(w) = 0 as well. Again by Bott periodicity, this gives rise to a
lift y ∈ Kq(F (µ
⊥)1) for x ∈ Kq(A) under the map induced by the surjection
F (µ⊥)1 → F (µ
⊥)0 = A. Hence, [x] ∈ E(µ
⊥)p,q2 , and the claim follows from
Theorem 2.4. 
3. Lifts under the boundary map of the Pimsner-Voiculescu
sequence
In this section, we provide concrete lifts for elements in the image of the
boundary map ρ∗ : K∗(A ⋊α Z) → K∗+1(A) of the Pimsner-Voiculescu se-
quence. These lifts will be essential for the concrete description of the second
page differential in the next section. We first recall Exel’s [16] definition and
some basic properties of Bott elements associated with almost commuting
unitaries.
Consider the following extension of C∗-algebras
0 // K⊗ C(T) // T ⊗ C(T) // C(T)⊗ C(T) // 0
induced by the canonical surjection T → C(T). Up to a sign, the Bott
element b ∈ K0(C(T
2)) is characterised by the property that its image un-
der the corresponding index map ρ0 : K0(C(T) ⊗ C(T)) → K1(C(T)) is a
generator for K1(C(T)). We fix the convention that ρ0(b) = [z].
For ε ≥ 0, Exel [16] defines the soft torus Aε as the universal C
∗-algebra
Aε := C
∗(uε, vε unitaries : ‖[uε, vε]‖ ≤ ε).
It is obvious from the definition that A0 = C(T
2), and that for ε ≥ 2 the
soft torus Aε coincides with the full group C
∗-algebra of the free group in
two generators. There is a canonical surjective ∗-homomorphism
ϕε : Aε → C(T
2) with ϕε(uε) := z1, ϕε(vε) := z2.
By [16, Theorem 2.4], K∗(ϕε) is an isomorphism whenever ε < 2, and in
this case we define
bε := K0(ϕε)
−1(b) ∈ K0(Aε).
Definition 3.1 (following [16]). Let 0 < ε < 2, B a unital C∗-algebra, and
u, v ∈ B unitaries satisfying ‖ [u, v] ‖ ≤ ε. The universal property of the soft
torus Aε yields a unique ∗-homomorphism ϕ : Aε → B with ϕ(uε) = u and
ϕ(vε) = v. Then
κ(u, v) := K0(ϕ)(bε) ∈ K0(B)
is called the Bott element associated with u and v.
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Note that κ(u, v) is independent of ε as long as ‖ [u, v] ‖ ≤ ε. By definition,
κ(z1, z2) = b ∈ K0(C(T
2)). If ϕ : A → B is a unital ∗-homomorphism and
u, v ∈ A are unitaries with ‖ [u, v] ‖ < 2, then
K0(ϕ)(κ(u, v)) = κ(ϕ(u), ϕ(v)).
For small tolerance ε > 0, the Bott element κ(u, v) is given (up to a sign)
by the following description due to Loring [24]. Consider the real-valued
functions f, g, h ∈ C(T) defined as
f(e2piit) =
{
1− 2t , if 0 ≤ t ≤ 1/2,
−1 + 2t , if 1/2 ≤ t ≤ 1,
g(e2piit) =
{
(f(exp(2πit)) − f(exp(2πit))2)1/2 , if 0 ≤ t ≤ 1/2,
0 , if 1/2 ≤ t ≤ 1,
h(e2piit) =
{
0 , if 0 ≤ t ≤ 1/2,
(f(exp(2πit)) − f(exp(2πit))2)1/2 , if 1/2 ≤ t ≤ 1,
and set
e(u, v) :=
(
f(v) g(v) + h(v)u
g(v) + u∗h(v) 1− f(v)
)
∈M2(B).
Clearly, e(u, v) is self-adjoint for any choice of unitaries u, v. Moreover, di-
rect calculations show that e(u, v) is a projection whenever u and v commute.
Loring observed in [24, Proposition 3.5] that there is a universal constant
δ > 0 such that whenever ‖ [u, v] ‖ < δ, then the spectrum of e(u, v) does
not contain 1/2. In this case, χ[1/2,∞)(e(u, v)) ∈M2(B) is a projection, and
Loring’s Bott element is given as
[χ[1/2,∞)(e(u, v))] − [1] ∈ K0(B).
The Bott elements also have the following well-known properties. We
leave the proof to the reader.
Proposition 3.2. Let B be a unital C∗-algebra and u, v, u1, v1, . . . , un, vn ∈
B unitaries. Then the following statements hold true:
i) If ut ∈ B is a homotopy of unitaries with ‖ [ut, v] ‖ < 2 for all t ∈ [0, 1],
then κ(u0, v) = κ(u1, v).
ii) If ‖ [ui, vi] ‖ < 2 for i = 1, . . . , n, then
κ(diag(u1, . . . , un),diag(v1, . . . , vn)) =
n∑
i=1
κ(ui, vi).
iii) If
n∑
i=1
‖ [u, vi] ‖ < 2, then κ(u, v1v2 . . . vn) =
n∑
i=1
κ(u, vi).
iv) If ‖ [u, v] ‖ < 2, then κ(u, v) = −κ(u, v∗) = −κ(v, u).
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For a unital, purely infinite and simple C∗-algebra A, Elliott and Rørdam
showed in [15, Theorem 2.2.1] that every element x ∈ K0(A) is a Bott
element x = κ(u, v) for some pair of commuting unitaries u, v ∈ A (with
full spectrum). On the other hand, if A is a unital C∗-algebra admitting a
tracial state τ , then every Bott elements in K0(A) associated with exactly
commuting unitaries vanishes underK0(τ). In fact, if τ2 denotes the induced
(unnormalized) trace on M2(A), then τ2(e(u, v)) = 1.
It will turn out to be convenient to consider the following analogous notion
of Bott elements in the K1-group of a unital C
∗-algebra.
Notation 3.3. Let A be a unital C∗-algebra. Let p ∈ A be a projection
and u ∈ A a unitary commuting with p. Then pup+ 1− p ∈ A is a unitary,
and we define the Bott element associated with p and u as
κ(p, u) := [pup+ 1− p] ∈ K1(A).
Observe that the Bott isomorphism K0(A)
∼=
−→ K1(SA) indeed sends [p] to
κ(p, z).
Recall the Pimsner-Voiculescu exact sequence [33]
K0(A)
K0(α)−id // K0(A)
K0(j) // K0(A⋊α Z)
ρ0

K1(A⋊α Z)
ρ1
OO
K1(A)
K1(j)
oo K1(A)
K1(α)−id
oo
with j : A −֒→ A ⋊α Z denoting the canonical embedding. The six-term
exact sequence associated with the Toeplitz extension
0 // K ⊗A // T (A,α) // A⋊α Z // 0
serves as a starting point for the proof of the Pimsner-Voiculescu sequence,
where
T (A,α) := C∗(1⊗ a, v ⊗ u : a ∈ A) ⊂ T ⊗ (A⋊α Z)
is the crossed Toeplitz-algebra associated to α, see also [13]. Here and in the
following, if not stated otherwise, u ∈ A⋊α Z denotes the canonical unitary
implementing α. It is important for us to observe that the boundary maps
of the Pimsner-Voiculescu sequence coincide (at least up to an application of
the stabilisation isomorphism) with the ones of the six-term exact sequence
associated with the Toeplitz extension.
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The Pimsner-Voiculescu sequence is natural in the sense that given an
equivariant ∗-homomorphism ϕ : (A,α,Z) → (B, β,Z), the following dia-
gram commutes
K∗(A)
K∗(α)−id //
K∗(ϕ)

K∗(A) //
K∗(ϕ)

K∗(A⋊α Z)
K∗(ϕˇ)

ρ∗ // K∗+1(A)
K∗+1(ϕ)

K∗(B)
K∗(β)−id // K∗(B) // K∗(B ⋊β Z)
ρ∗ // K∗+1(B)
Notation 3.4. Let A be a C∗-algebra and α ∈ Aut(A) an automorphism.
For n ∈ N, we write α(n) := α⊗ id ∈ Aut(A⊗Mn(C)). Similarly, we define
a(n) := a⊗ 1n ∈ A⊗Mn(C) for a given element a ∈ A.
Assume that A is unital. We now describe preimages of the boundary
map ρ1 : K1(A⋊αZ)→ K0(A) of the Pimsner-Voiculescu sequence. Observe
that every element g ∈ K0(A) can be expressed as g = [p] − [1n] for some
p ∈ Pm(A) and n ≥ 0. It is obvious that g ∈ ker(K0(α) − id) if and only if
[p] ∈ ker(K0(α) − id). Hence, it suffices to describe lifts for elements of the
form [p] ∈ im(ρ1) = ker(K0(α)− id).
Proposition 3.5. Let A be a unital C∗-algebra, α ∈ Aut(A), and p ∈ Pk(A)
a projection satisfying [p] ∈ ker(K0(α) − id). By the standard picture of
K0(A), we find l,m ≥ 0 and a unitary w ∈ Un(A) such that
α(n)(q) = wqw∗,
where n := k + l +m and q := diag(p, 1l, 0m) ∈ Pn(A). Then
ρ1(κ(q, w
∗u(n))− [u(l)]) = [p].
Proof. Assume first that k = 1 and l = m = 0. It is easy to verify that
y := v ⊗ (pw∗up) + 1⊗ (1− p) ∈ T (A,α)
is an isometry and a lift for pwu∗p + 1 − p ∈ A ⋊α Z. Using the partial
isometry picture of the index map, one computes
ρ1(κ(p,w
∗u)) = [1− yy∗]− [1− y∗y] = [1− yy∗]
= [(1− vv∗)⊗ p] ∈ K0(K ⊗A).
By the stabilisation isomorphism K0(A) ∼= K0(K ⊗A), we deduce that
ρ1(κ(p,w
∗u)) = [p] ∈ K0(A).
Now, let q ∈ Pn(A) be as in the statement. The canonical isomorphism
η : Mn(A)⋊α(n) Z
∼=
−→ A⋊α Z⊗Mn(C) fits into a commutative diagram
K∗(Mn(A)⋊α(n) Z)
ρ
(n)
∗ //
K∗(η)

K∗+1(A)
K∗(A⋊α Z)
ρ∗
66❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧
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relating the boundary maps of the respective Pimsner-Voiculescu sequences.
Hence,
ρ1(κ(q, w
∗u(k))) = (ρ1 ◦K1(η))(κ(q, w
∗u)) = ρ
(k)
1 (κ(q, w
∗u)) = [q].
It follows that
ρ1(κ(q, w
∗u(k))− [ul]) = [q]− [1l] = [diag(p, 1l)]− [1l] = [p].

The lifts for the boundary map ρ0 : K0(A ⋊α Z) → K1(A) require an
alternative picture for K1(A). Using the natural identification K∗(A) ∼=
KK(C(T), A), Dadarlat’s result [14, Theorem A] for X = T admits the
following characterisation.
Theorem 3.6 (cf. [14]). Let A be a unital C∗-algebra and u, v ∈ U(A) two
unitaries. Then [u] = [v] ∈ K1(A) if and only if for every ε > 0, there exist
k ≥ 1, λ1, . . . , λk ∈ T, and a unitary w ∈Mk+1(A) such that
‖w(diag(u, λ1, . . . , λk))w
∗ − diag(v, λ1, . . . , λk)‖ ≤ ε.
For ε > 0 define the universal C∗-algebra
Tε := C
∗ (s isometry, u unitary : ‖ [s, u] ‖ ≤ ε, u(1− ss∗) = (1− ss∗)u) .
Consider the canonical surjection πε : Tε → Aε given by πε(s) = uε and
πε(u) = vε. Observe that the surjective ∗-homomorphism ψε : Tε → T ⊗C(T)
given by ψε(s) = v and ψε(u) = z fits into the following commutative
diagram
0 // K⊗ C(T) // Tε
piε //
ψε

Aε //
ϕε

0
0 // K⊗ C(T) // T ⊗ C(T) // C(T)⊗ C(T) // 0
Naturality of K-theory allows us to compare the occurring boundary maps
K0(Aε)
ρε //
K0(ϕε)

K1(C(T))
K0(C(T)⊗ C(T))
ρ
66♠♠♠♠♠♠♠♠♠♠♠♠
For ε < 2, we therefore get that ρε(bε) = ρ(b) = [z] ∈ K1(C(T)).
Proposition 3.7. Let A be a unital C∗-algebra, α ∈ Aut(A), and x ∈ Uk(A)
a unitary satisfying [x] ∈ ker(K1(α) − id). An application of Theorem 3.6
yields l ≥ 0, λ1, . . . , λl ∈ T, and w ∈ Um(A) satisfying∥∥∥α(m)(y)− wyw∗∥∥∥ < 2,
where m := k + l and y := diag(x, λ1, · · · , λl) ∈ Um(A). Then
ρ0(κ(w
∗u(m), y)) = [x].
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Proof. First assume that k = 1 and l = 0. For suitably chosen ε < 2, there
is a ∗-homomorphism
ψ : Tε → T (A,α), ψ(s) = v ⊗ w
∗u, ψ(u) = 1⊗ x.
This homomorphism fits into the commutative diagram
0 // K ⊗ C(T) //
idK⊗ν

Tε //
ψ

Aε //
ϕ

0
0 // K ⊗A // T (A,α) // A⋊α Z // 0
with ϕ and ν given by ϕ(uε) = w
∗u, ϕ(vε) = x, and ν(z) = x, respectively.
By stability of K-theory,
ρ0(κ(w
∗u, x)) = (ρ0 ◦K0(ϕ))(bε) = (K1(idK⊗ν) ◦ ρε)(bε)
= K1(ν)([z]) = [x] ∈ K1(A).
If y ∈ Um(A) is as in the statement, then by a similar reasoning as in the
proof of Proposition 3.5,
ρ0(κ(w
∗u(m), y)) = (ρ0 ◦K0(η))(κ(w
∗u, y)) = ρ
(m)
0 (κ(w
∗u, y)) = [y] = [x].

4. The second page differential associated with a Z2-action
In this section, we provide an explicit description of the second page differ-
ential of the spectral sequence associated with a Z2-action in terms of Bott
elements. For this, we make use of the concrete lifts for the boundary map
of the Pimsner-Voiculescu sequence described in Section 3.
Notation 4.1. Let A be a C∗-algebra and α : Z2 y A an action.
• We denote by α˜2 ∈ Aut(Mα1(A)) the ∗-automorphism given by
α˜2(f)(t) := α2(f(t)), f ∈ Mα1(A), t ∈ [0, 1]
n.
• For i = 1, 2, we write d∗(αi) := K∗(αi)− id and denote by
k(d∗(α2)) : ker(d∗(α1))→ ker(d∗(α1)),
co(d∗(α2)) : coker(d∗(α1))→ coker(d∗(α1))
the respective natural homomorphisms induced by d∗(α2).
Given a C∗-algebra A and an action α : Z2 y A, the corresponding
E2-term is concentrated in p = 0, 1, 2 and given as
E0,q2 = ker(Kq(α1)− id) ∩ ker(Kq(α2)− id),
E1,q2 =
ker((Kq(α2)−id)⊕(Kq(α1)−id))
im((Kq(α1)−id, Kq(α2)−id))
,
E2,q2 = Kq(A)
/
〈im(Kq(α1)− id), im(Kq(α2)− id)〉 .
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Moreover, the E∞-term coincides with the E3-term. Hence, up to group
extension problems, K∗(A ⋊α Z
2) is uniquely determined by the induced
action of α on K-theory and d2.
Since d2 : E2 → E2 has bidegree (2,−1), it reduces to
d0,q2 : E
0,q
2 → E
2,q−1
2 , q = 0, 1.
Consider the following commutative diagram with exact rows
0 // SA //
Sα2

Mα1(A)
ev0 //
α˜2

A //
α2

0
0 // SA //Mα2(A)
ev0 // A // 0
and the induced diagram, which is obtained by passing to the respective
six-term exact sequences in K-theory (and applying Bott periodicity)
0 // coker(d∗−1(α1)) //
co(d∗−1(α2))

K∗(Mα1(A))
K∗(ev0) //
d∗(α˜2)

ker(d∗(α1))
k(d∗(α2))

// 0
0 // coker(d∗−1(α1)) // K∗(Mα1(A))
K∗(ev0) // ker(d∗(α1)) // 0
By applying the Snake Lemma (see for example [41, 1.3.2]) to this diagram,
we obtain a group homomorphism
d∗(α) : E
0,∗
2 → E
2,∗−1
2 ,
which, as the next result shows, coincides with d0,∗2 .
Proposition 4.2. Let A be a C∗-algebra and α : Z2 y A an action. Then
the associated second page differential d2 satisfies d
0,q
2 = dq(α) for q = 0, 1.
Proof. Recall the mapping torus cofiltration (2) associated with α
Mα(A)
pi2 // // F1
pi1 // // A // 0.
In this case, F1 is given as the pullback of Mα1(A) and Mα2(A) along the
respective evaluations at 0. Consider the commutative diagram with exact
rows
0 // S2A // _

Mα(A)
pi2 // F1 //
pi

0
0 // SMα1(A) //Mα(A)
ev0 //Mα1(A) // 0
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Naturality of K-theory and Bott periodicity give rise to a commutative
diagram
Kq(F1)
ρq //
Kq(pi)

Kq−1(S
2A)
∼= //

Kq−1(A) // //

E2,q−12
Kq(Mα1(A))
ρq //
Kq(α˜2)−id
44
Kq−1(SMα1(A))
∼= // Kq(Mα1(A))
Denote by d : Kq(F1) → E
2,q−1
2 the map that is obtained by following the
upper row of the last diagram. Let x ∈ E0,q2 = im(Kq(π1)) ⊆ Kq(A) be given
and take some x¯ ∈ Kq(F1) with Kq(π1)(x¯) = x. By the definition of the
second page differential, d0,q2 (x) = d(x¯). On the other hand, it is clear that
Kq(π)(x¯) defines a lift for x under Kq(ev0) : Kq(Mα1(A))→ Kq(A). By the
definition of the Snake Lemma homomorphism, we get that dq(α)(x) = d(x¯).
This concludes the proof. 
The following result now follows easily from Corollary 2.7.
Corollary 4.3. Let A be a C∗-algebra and α : Zn y A an action with the
property that K∗(αi) = id for i = 1, . . . , n. Then
dp,q2 (x⊗ e) =
∑
µ∈T (2,n)
dq(α(µ))(x) ⊗ (e ∧ eµ)
for every x⊗ e ∈ Ep,q1 = E
p,q
2 .
The isomorphism K∗(A⋊αZ) ∼= K∗+1(Mα(A)) described by Paschke [31]
intertwines the automorphisms K∗(αˇ2) and K∗+1(α˜2), see also [2, Theorem
1.2.6]. Therefore, Proposition 4.2 yields that d0,∗+12 can be regarded as the
Snake Lemma homomorphism of
0 // coker(d∗(α1)) //
co(d∗(α2))

K∗(A⋊α1 Z)
ρ∗ //
d∗(αˇ2)

ker(d∗+1(α1))
k(d∗+1(α2))

// 0
0 // coker(d∗(α1)) // K∗(A⋊α1 Z)
ρ∗ // ker(d∗+1(α1)) // 0
which is induced by the naturality of the Pimsner-Voiculescu sequence ap-
plied to α2 : (A,α1,Z)
∼=
−→ (A,α1,Z). This characterisation and Proposition
3.5 now permit the following description of d0,02 , provided that A is unital.
Theorem 4.4. Let A be a unital C∗-algebra and α : Z2 y A an action. Let
p ∈ Pk(A) be a projection satisfying [p] ∈ E
0,0
2 . Find l,m ≥ 0 and unitaries
v,w ∈ Un(A) with
α
(n)
1 (q) = vqv
∗ and α
(n)
2 (q) = wqw
∗,
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where n := k + l +m and q := diag(p, 1l, 0m) ∈ Pn(A). Then
d0,02 ([p]) =
[
κ(q, w∗α
(n)
2 (v)
∗α
(n)
1 (w)v)
]
∈ E2,−12 .
Proof. If ρ1 : K1(A⋊α1 Z)→ K0(A) denotes the index map of the Pimsner-
Voiculescu sequence for α1, then Proposition 3.5 yields
ρ1(κ(q, v
∗u(n))− [u(l)]) = [p].
One computes that
(K0(αˇ2)− id)(κ(q, v
∗u(n))− [u(l)])
= (K0(αˇ2)− id)(κ(q, v
∗u(n)))
= κ(α
(n)
2 (q), α
(n)
2 (v)
∗u(n))− κ(q, v∗u(n))
= κ(wqw∗, α
(n)
2 (v)
∗u(n)) + κ(q, u(n)
∗
v)
= κ(q, w∗α
(n)
2 (v)
∗u(n)w) + κ(q, u(n)
∗
v)
= κ(q, w∗α
(n)
2 (v)
∗u(n)wu(n)
∗
v)
= κ(q, w∗α
(n)
2 (v)
∗α
(n)
1 (w)v) ∈ K1(A).
By the definition of the Snake Lemma homomorphism, we get that
d0(α)([p]) =
[
κ(q, w∗α
(n)
2 (v)
∗α
(n)
1 (w)v)
]
∈ E2,−12 .
The proof now follows from Proposition 4.2. 
Observe that d0,02 is completely determined by Theorem 4.4. In fact,
given g ∈ E0,02 , there is a projection p ∈ Pm(A) and some n ≥ 0 such that
g = [p]− [1n] ∈ K0(A). In this situation, [p] ∈ E
0,0
2 and d
0,0
2 (g) = d
0,0
2 ([p]).
For the description of d0,12 : E
0,1
2 → E
2,0
2 , we need the following perturba-
tion result.
Lemma 4.5. Let 0 < ε < 23 . Let A be unital C
∗-algebra and u, u¯, v ∈ U(A)
unitaries satisfying
‖u− u¯‖, ‖ [u, v] ‖ ≤ ε.
Then there is a homotopy ut ∈ U(A) with u0 = u, u1 = u¯, and ‖ [ut, v] ‖ ≤ 3ε
for all t ∈ [0, 1].
Proof. Since ‖u− u¯‖ < 23 , the spectrum of u
∗u¯ does not contain −1. There-
fore, we can define h := −i log(u∗u¯) ∈ A, where log denotes the princi-
pal branch of the logarithm. This yields a continuous path of unitaries
ut := u exp(ith) ∈ A, t ∈ [0, 1], with u0 = u and u1 = u exp(log(u
∗u¯)) = u¯.
For s, t ∈ [0, 1],
‖us − ut‖ = ‖1− exp(i(s − t)h)‖ ≤ ‖1− exp(ih)‖ = ‖u− u¯‖ ≤ ε.
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One now computes
‖ [ut, v] ‖ ≤ ‖utv − uv‖+ ‖vut − vu‖+ ‖ [u, v] ‖ ≤ 3ε.

Theorem 4.6. Let A be a unital C∗-algebra and α : Z2 y A an action.
Let v ∈ Uk(A) be a unitary satisfying [v] ∈ E
0,1
2 . By Theorem 3.6, there are
l ≥ 0, λ1, . . . , λl ∈ T, and unitaries x, y ∈ Um(A) such that∥∥∥α(m)1 (w) − xwx∗∥∥∥ , ∥∥∥α(m)2 (w)− ywy∗∥∥∥ < 12 ,
where m := k + l and w := diag(v, λ1, . . . , λl) ∈ Um(A). Then
d0,12 ([v]) =
[
κ(y∗α
(m)
2 (x)
∗α
(m)
1 (y)x,w)
]
∈ E2,02 .
Proof. Using the isomorphismMm(A⋊α1 Z)
∼=Mm(A)⋊α(m)1
Z, we compute
that∥∥∥[x∗u(m), w]∥∥∥ = ∥∥∥u(m)wu(m)∗ − xwx∗∥∥∥ = ∥∥∥α(m)1 (w)− xwx∗∥∥∥ < 12 .
By Proposition 3.7, the boundary map ρ0 : K0(A ⋊α1 Z) → K1(A) of the
Pimsner-Voiculescu sequence for α1 satisfies
ρ0(κ(x
∗u(m), w)) = [v].
The naturality of the Bott elements and part iv) of Proposition 3.2 yield
(K0(αˇ2)− id)(κ(x
∗u(m), w))
= κ(α
(m)
2 (x)
∗u(m), α
(m)
2 (w)) − κ(x
∗u(m), w)
= κ(α
(m)
2 (x)
∗u(m), α
(m)
2 (w)) + κ(u
(m)∗x,w).
Since ∥∥∥α(m)2 (w)− ywy∗∥∥∥ , ∥∥∥[α(m)2 (x)∗u(m), α(m)2 (w)]∥∥∥ < 12 ,
we can apply Lemma 4.5 and find a homotopy wt ∈ Um(A) between α
(m)
2 (w)
and ywy∗ such that∥∥∥[wt, α(m)2 (x)∗u(m)]∥∥∥ < 32 for all t ∈ [0, 1].
By part i) of Proposition 3.2 and the naturality of the Bott elements, we
obtain that
κ(α
(m)
2 (x)
∗u(m), α
(m)
2 (w)) = κ(α
(m)
2 (x)
∗u(m), ywy∗)
= κ(y∗α
(m)
2 (x)
∗u(m)y,w).
Moreover, ∥∥∥[u(m)∗x,w]∥∥∥+ ∥∥∥[y∗α(m)2 (x)∗u(m)y,w]∥∥∥ < 12 + 32 = 2,
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and therefore part iii) of Proposition 3.2 yields
(K0(αˇ2)− id)(κ(x
∗u(m), w)) = κ(y∗α
(m)
2 (x)
∗u(m)y,w) + κ(u(m)
∗
x,w)
= κ(y∗α
(m)
2 (x)
∗u(m)yu(m)
∗
x,w)
= κ(y∗α
(m)
2 (x)
∗α
(m)
1 (y)x,w) ∈ K0(A).
By the definition of the Snake Lemma homomorphism, it follows that
d1(α)([v]) =
[
κ(y∗α
(m)
2 (x)
∗α
(m)
1 (y)x,w)
]
∈ E2,02 .
The proof now follows from Proposition 4.2. 
5. Locally KK-trivial Z2-actions on Kirchberg algebras
Let A be a C∗-algebra and α : Z2 y A an action with the property that α1 is
homotopic to idA in Aut(A). Fix a homotopy βt ∈ Aut(A) between β0 = α1
and β1 = idA and consider the induced ∗-automorphism ϕ ∈ Aut(A⊗C(T))
given by
ϕ(f)(exp(2πit)) =
(
βt ◦ α2 ◦ β
−1
t
)
(f(exp(2πit))), f ∈ A⊗ C(T), t ∈ [0, 1].
Note that ϕ is well-defined since α1 and α2 commute. Obviously, ϕ restricts
to an automorphism ϕ′ : SA
∼=
−→ SA and fits into the following commutative
diagram with split-exact rows
0 // SA //
ϕ′

A⊗ C(T)
ev1 //
ϕ

A
α2

//
j
xx
0
0 // SA // A⊗ C(T)
ev1 // A //
j
ff
0
(6)
Here, j : A −֒→ A ⊗ C(T) denotes the canonical embedding. Futhermore,
there is a ∗-isomorphism ψ :Mα1(A)
∼=
−→ A⊗ C(T) satisfying
ψ(f)(exp(2πit)) = (βt ◦ α
−1
1 )(f(t)), f ∈ Mα1(a), t ∈ [0, 1].
Its restriction ψ′ ∈ Aut(SA) is homotopic to idSA via ψ
′
s ∈ Aut(SA) given
by
ψ′s(f)(t) = (βst ◦ α
−1
1 )(f(t)), f ∈ SA, s, t ∈ [0, 1].
Proposition 5.1. Let A be a C∗-algebra and α : Z2 y A an action with the
property that α1 is homotopic to idA in Aut(A). Consider the commutative
diagram with split-exact rows
0 // K∗−1(A) //

K∗(A⊗ C(T)) //
K∗(ϕ)−id

K∗(A)
K∗(α2)−id

//
vv
0
0 // K∗−1(A) // K∗(A⊗ C(T)) // K∗(A) //hh
0
(7)
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obtained from (6). Then the associated Snake Lemma homomorphism h∗
coincides with d0,∗2 .
Proof. The isomorphism ψ : Mα1(A)
∼=
−→ A ⊗ C(T) and (6) induce the
following commutative diagram
0 // SA //
ϕ′

A⊗ C(T) //
ϕ

A
α2

// 0
0 // SA //
Sα2

ψ′
>>⑥⑥⑥⑥⑥⑥⑥⑥⑥
Mα1(A) //
α˜2

ψ
88rrrrrrrrrr
A
α2

//
✂✂✂✂✂✂✂✂
✂
✂
0
0 // SA // A⊗ C(T) // A // 0
0 // SA //
ψ′
>>⑥⑥⑥⑥⑥⑥⑥⑥⑥
Mα1(A)
ψ
88rrrrrrrrrr
// A
✂✂✂✂✂✂✂✂
✂
✂
// 0
Observe that all occurring rows are split-exact. Apply K-theory to the
whole diagram and use Bott periodicity for the left hand square involving
the suspensions of A. The Snake Lemma homomorphism of the resulting
front diagram is d∗(α) = d
0,∗
2 , and the one of the back side diagram is h∗.
The naturality of the Snake Lemma and the fact that ψ′ acts trivially on
K-theory yield that these two Snake Lemma homomorphisms coincide. 
Let now A be a Kirchberg algebra and α : Z2 y A an action. We
follow [18] and say that α is locally KK-trivial if KK(α1) = KK(α2) = 1A.
Moreover, we call two actions α, β : Z2 y A KK-trivially cocycle conjugate
if there exists an α-cocyle u, that is, a map u : Z2 → U(M(A)) satisfying
ugαg(uh) = ugh for all g, h ∈ Z
2, and an automorphism µ ∈ Aut(A) with
KK(µ) = 1A such that Ad(uei) ◦ αi = µ ◦ βi ◦ µ
−1 for i = 1, 2.
Given a locally KK-trivial action α on a Kirchberg algebra A, Izumi and
Matui associate an element Φ(α) ∈ KK(A,SA) as follows. SinceKK(α1) =
1A ∈ KK(A,A), [32, Theorem 4.1.1] yields a homotopy βt ∈ Aut(A ⊗
K) between β0 = α1 ⊗ idK and β1 = idA⊗K. As above, we define the
automorphism ϕ ∈ Aut(A⊗K⊗ C(T)) by
ϕ(f)(exp(2πit)) =
(
βt ◦ (α2 ⊗ idK) ◦ β
−1
t
)
(f(exp(2πit)))
for f ∈ A⊗K⊗ C(T) and t ∈ [0, 1]. Denote by j : A⊗K −֒→ A⊗K⊗ C(T)
the canonical embedding. Using the stability of the KK-bifunctor and the
fact that KK(α2) = 1A, we obtain that
Φ(α) := KK(ϕ ◦ j)−KK(j) ∈ KK(A,SA) ⊂ KK(A,A⊗ C(T)).
If
γ∗ : KK(A,SA)→ Hom(K∗(A),K∗−1(A)),
denotes the natural homomorphism, then Izumi’s and Matui’s result is given
as follows.
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Theorem 5.2 ([18]). Let A be a unital Kirchberg algebra. The assignment
α 7→ Φ(α) induces a well-defined bijection between the following two sets:
i) KK-trivial cocycle conjugacy classes of locally KK-trivial outer Z2-
actions on A.
ii) {x ∈ KK(A,SA) : γ0(x)([1]) = 0 ∈ K1(A)}.
If A is a stable Kirchberg algebra, then the statement remains true when we
take KK(A,SA) as a classifying invariant.
By the definition of γ∗,
γ∗(Φ(α)) = K∗(ϕ◦j)−K∗(j) = (K∗(ϕ)−id)◦K∗(j) ∈ Hom(K∗(A),K∗−1(A))
for any locallyKK-trivial Z2-action α. Hence, γ∗(Φ(α)) is the Snake Lemma
homomorphism of diagram (7) applied to A ⊗ K and α ⊗ idK. Proposition
5.1 therefore yields that γ∗(Φ(α)) = d
0,∗
2 . Combining this observation with
Theorem 5.2, we draw the following consequence.
Corollary 5.3. Let A be a unital Kirchberg algebra satisfying the UCT. Let
η∗ : K∗(A)→ K∗−1(A) be a homomorphisms with η0([1]) = 0. Then there is
a locally KK-trivial Z2-action α on A such that the associated second page
differential d2 satisfies d
0,∗
2 = η∗. Moreover, K∗(A⋊αZ
2) fits into a six-term
exact sequence
K1(A)⊕K0(A)
η1⊕0 // K0(A)⊕K1(A) // K0(A⋊α Z
2)

K1(A⋊α Z
2)
OO
K1(A)⊕K0(A)oo K0(A)⊕K1(A)η0⊕0
oo
If A is a stable Kirchberg algebra satisfying the UCT, then the statement
remains true if the condition on the class of the unit is removed.
Proof. Since A satisfies the UCT, we find some element x ∈ KK(A,SA)
satisfying γ∗(x) = η∗. Observe that if A is unital, then the condition
γ∗(x)([1]) = 0 is satisfied by assumption. Theorem 5.2 yields a locally
KK-trivial action α with Φ(α) = x, and hence
η∗ = γ∗(x) = γ∗(Φ(α)) = d
0,∗
2 .
As α1⊗ idK is homotopic to idA⊗K, we have that Ki(A⋊α1 Z)
∼= K0(A)⊕
K1(A) for i = 0, 1. The claim now follows from the Pimsner-Voiculescu
sequence for (A⋊α1 Z, αˇ2,Z) and the fact that d
0,∗
2 = d∗(α). 
6. Pointwise inner Z2-actions with non-trivial second page
differentials
Definition 6.1. Let A be a unital C∗-algebra and n ∈ N. We say that an
action α : Zn y A is pointwise inner if αi is an inner automorphisms for
i = 1, . . . , n. If n = 2, α1 = Ad(v), and α2 = Ad(w) for some unitaries v,w ∈
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U(A), then we call u(α) := v∗w∗vw ∈ U(A) the commutator associated with
α.
It is easy to check that u(α) ∈ Z(A) and that u(α) does not depend on
the choice of the implementing unitaries.
Next, we use Theorem 4.4 and 4.6 to give a description of the second page
differential associated with a pointwise inner Z2-action.
Corollary 6.2. Let A be a unital C∗-algebra and α : Z2 y A a pointwise
inner action. Let n ≥ 1, x ∈ Un(A), and p ∈ Pn(A). Then the associated
second page differential d0,∗2 : K∗(A)→ K∗−1(A) is given by
d0,02 ([p]) = κ(p, u(α)
(n)) and d0,12 (α)([x]) = κ(u(α)
(n), x).
Proof. One computes that
w∗α2(v)
∗α1(w)v = w
∗wv∗w∗vwv∗v = v∗w∗vw = u(α).
As the automorphisms α1 = Ad(v) and α2 = Ad(w) satisfy
α
(n)
1 (p) = v
(n)pv(n)
∗
and α
(n)
2 (p) = w
(n)pw(n)
∗
,
Theorem 4.4 implies that
d0,02 ([p]) = κ(p, u(α)
(n)).
The proof for d0,12 ([x]) follows similarly from Theorem 4.6. 
Consequently, d2 can only be non-trivial if the unitary u(α) has full spec-
trum. Otherwise, u(α) is connected to 1 by unitaries in C∗(u(α)) ⊆ Z(A).
In fact, we have the following result.
Proposition 6.3. Let A be a unital C∗-algebra and α : Zn y A a pointwise
inner action. Assume that for i, j ∈ {1, . . . , n}, the commutator associated
with the Z2-action generated by αi and αj is homotopic to 1 in U(Z(A)).
Then K∗(A⋊α Z
n) ∼= K∗(A⊗ C(T
n)).
Proof. The proof goes by induction over n ∈ N. For a single automorphism,
this is trivial since A⋊Ad(v)Z ∼= A⊗C(T). Assume now that the statement is
true for n−1. Denote by αˇ the Zn−1-action on A⋊α1Z induced by αˇ2, . . . , αˇn.
For i, j ∈ {1, . . . , n}, let v(i, j) denote the commutator associated with the
Z2-action generated by αi and αj . As inner automorphisms fix the center
pointwise, it holds that v(i, j) ∈ Z(A) ⊆ Z(A ⋊α1 Z). Hence, α2, . . . , αn
give rise to a pointwise inner action α′ : Zn−1 y A ⋊α1 Z. Observe that
α′ is as in the statement, so that we can apply the induction hypothesis to
it. For i = 1, . . . , n, we therefore find homotopies wt,i ∈ U(Z(A)), t ∈ [0, 1],
with w0,i = v(i, 1) and w1,i = 1. Since these homotopies lie in the centre of
A⋊α1 Z, we can define automorphisms
ϕt,i : A⋊α1 Z
∼=
−→ A⋊α1 Z, ϕt,i(a) = αi(a), ϕt,i(u) = wt,iu.
For all s, t ∈ [0, 1] and i, j = 2, . . . , n, one computes that
ϕs,i ◦ ϕt,j(u) = wt,jws,iu = ws,iwt,ju = ϕt,j ◦ ϕs,i(u).
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Thus, the ϕt,i define a homotopy between the Z
n-actions αˇ and α′. In
particular, the corresponding crossed products have isomorphic K-theory.
By the induction hypothesis, we therefore obtain that
K∗(A⋊α Z
n) ∼= K∗(A⋊α1 Z ⋊αˇ Z
n−1) ∼= K∗(A⋊α1 Z ⋊α′ Z
n−1)
∼= K∗((A⋊α1 Z)⊗ C(T
n−1)) ∼= K∗(A⊗ C(T
n)).

The next result shows that there are certain restrictions on second page
differentials associated with pointwise inner Z2-actions.
Proposition 6.4. Let A be a unital C∗-algebra and α : Z2 y A a point-
wise inner action. Then the associated second page differential d0,∗2 satisfies
d0,∗−12 ◦ d
0,∗
2 = 0.
Proof. Using the canonical isomorphism
K∗(C(T)⊕ C(T)) ∼= K∗(C(T))⊕K∗(C(T)),
we compute
κ(z ⊕ z, z ⊕ 1) = κ(z, z) ⊕ κ(z, 1) = 0 ∈ K0(C(T)) ⊕K0(C(T)).
Given a projection p ∈ Pn(A), there exists a unital ∗-homomorphism ϕ :
C(T)⊕ C(T) → Mn(A) satisfying ϕ(z ⊕ z) = u(α)
(n) and ϕ(1 ⊕ 0) = p. By
Corollary 6.2, we get that
d0,−12 (κ(p, u(α)
(n))) = κ(u(α)(n), pu(α)(n)p+ 1n − p)
= K0(ϕ)(κ(z ⊕ z, z ⊕ 1))
= 0.
This shows that d0,−12 ◦ d
0,0
2 = 0. Applying this to (A⊗C(T), α⊗ id,Z
2), we
conclude that the second page differential corresponding to (SA,Sα,Z2) also
has this property. Bott periodicity therefore shows that d0,02 ◦ d
0,1
2 = 0. 
6.1. A natural action on the group C∗-algebra of the discrete Heisen-
berg group H3. Recall the discrete Heisenberg group
H3 :=
〈
r, s : rsr−1s−1 is central
〉
and its associated (full) group C∗-algebra
C∗(H3) := C
∗(u, v unitaries : uvu∗v∗ is central).
Consider the pointwise inner Z2-action α on C∗(H3) given by α1 = Ad(u)
and α2 = Ad(v). The associated C
∗-dynamical system (C∗(H3), α,Z
2) is
universal in the following sense. Let B be a unital C∗-algebra and β : Z2 y
B a pointwise inner action. If β1 = Ad(x) and β2 = Ad(y), then there is
a unital and equivariant ∗-homomorphism ϕ : (C∗(H3), α,Z
2) → (B, β,Z2)
satisfying ϕ(u) = x and ϕ(v) = y.
32 SELC¸UK BARLAK
The Heisenberg group also admits the following description as a semidirect
product
H3 = Z
2 ⋊σ˜ Z, with σ˜(e1) = e1, σ˜(e2) = e1 + e2.
Hence, the ∗-automorphism σ ∈ Aut(C(T2)) satisfying σ(z1) = z1 and
σ(z2) = z1z2 gives rise to an isomorphism
C∗(H3)
∼=
−→ C(T2)⋊σ Z, u 7→ u, v 7→ z2,
where u ∈ C(T2)⋊σ Z denotes the canonical unitary implementing σ. Using
this identification, the action α is given by α1 = Ad(u) and α2 = Ad(z2),
and the commutator associated with α satisfies
u(α) = u∗z∗2uz2 = z1z
∗
2z2 = z1 ∈ C(T
2)⋊σ Z.
The Bott projection e := e(z1, z2) ∈ M2(C(T
2)) is unitarily equivalent to
σ(2)(e), see [1, Section 1]. So, we find a unitary x ∈ U2(C(T
2)) with σ(2)(e) =
xex∗, which in turn gives rise to a Bott element κ(e, x∗u(2)) ∈ K1(C
∗(H3)).
Let us recall the K-theory of C∗(H3), which was determined in [1, Propo-
sition 1.4(a)]. For the reader’s convenience, we shall also provide a short
proof.
Proposition 6.5. The K-theory of C∗(H3) is given by
K0(C
∗(H3)) = Z
3 [κ(z1, z2), κ(z1, u), [1]] ,
K1(C
∗(H3)) = Z
3
[
[z2], [u], κ(e, x
∗u(2))
]
.
Proof. As K0(σ) = id, the Pimsner-Voiculescu sequence for σ is of the form
K0(C(T
2))
0 // K0(C(T
2)) // K0(C(T
2)⋊σ Z)
ρ0

K1(C(T
2)⋊σ Z)
ρ1
OO
K1(C(T
2))oo K1(C(T
2))
K1(σ)−id
oo
Moreover, ker(K1(σ)− id) = Z[z1]. This yields
K0(C
∗(H3)) ∼= K1(C
∗(H3)) ∼= Z
3.
We also conclude that the natural inclusions K0(C(T
2)) −֒→ K0(C(T
2)⋊σZ)
and Z[z2] −֒→ K1(C(T
2) ⋊σ Z) are split-injective. Proposition 3.5 im-
plies that ρ1([u]) = [1] and ρ1(κ(e, x
∗u(2))) = [e]. This shows the asser-
tion for K1(C
∗(H3)). Analogously, the claim for K0(C
∗(H3)) follows since
ρ0(κ(z1, u)) = [z1] by Proposition 3.7. 
Theorem 6.6. The second page differential d2 associated with the natural
action α : Z2 y C∗(H3) is non-trivial. The K-theory of the crossed product
C∗(H3)⋊α Z
2 satisfies
K0(C
∗(H3)⋊α Z
2) ∼= K1(C
∗(H3)⋊α Z
2) ∼= Z10.
In particular, C∗(H3)⋊α Z
2 and C∗(H3)⊗ C(T
2) are not isomorphic in K-
theory.
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Proof. By applying Corollary 6.2 to d0,12 : K1(C
∗(H3)) → K0(C
∗(H3)), we
obtain
d0,12 ([z2]) = κ(u(α), z2) = κ(z1, z2) and d
0,1
2 ([u])) = κ(z1, u).
The discussion in Section 3 shows that the canonical trace on C∗(H3) pre-
vents [1] ∈ K0(C
∗(H3)) from being a Bott element associated with two
exactly commuting unitaries. Since α is pointwise inner, every element in
the image of d0,12 is representable in such a way. Hence,
im(d0,12 ) = Z
2 [κ(z1, z2), κ(z1, u)] ⊂ K0(C
∗(H3)),
which sits inside K0(C
∗(H3)) as a direct summand.
It holds that d0,02 ([1]) = 0, and moreover, by Proposition 6.4, we have
that d0,02 ◦ d
0,1
2 = 0. It now follows from Proposition 6.5 that d
0,0
2 = 0.
If G0 := K0(C
∗(H3)) and G1 := K1(C
∗(H3)), then the Pimsner-Voicu-
lescu sequence for (C∗(H3)⋊α1 Z, αˇ2,Z) is of the form
G1 ⊕G0
d0,12 ⊕0 // G0 ⊕G1 // K0(C
∗(H3)⋊α Z
2)

K1(C
∗(H3)⋊α Z
2)
OO
G1 ⊕G0oo G0 ⊕G1
0oo
(8)
The result now follows by splitting up this six-term exact sequence into two
extension, and then comparing the ranks of the occurring abelian groups. 
We also find pointwise inner Z2-actions on C∗(H3) whose corresponding
crossed products have torsion in K-theory.
Corollary 6.7. Let m,n ∈ N and denote by α˜ the pointwise inner Z2-action
on C∗(H3) generated by α
m
1 and α
n
2 . Then
K0(C
∗(H3)⋊α˜ Z
2) ∼= Z10 ⊕ Z
/
mnZ⊕ Z
/
mnZ,
K1(C
∗(H3)⋊α˜ Z
2) ∼= Z10.
Proof. Let d2 and d˜2 denote the second page differentials of the spectral
sequence for α and α˜, respectively. One checks that d˜2 = mn · d2. Basically
the same proof as in Theorem 6.6 shows that the K-theory of C∗(H3)⋊α˜Z
2
fits into the exact sequence (8) with d0,12 replaced by d˜
0,1
2 = mn · d
0,1
2 . 
6.2. Certain pointwise inner actions on amalgamated free product
C∗-algebras. Throughout this section, A denotes a unital, separable C∗-
algebra and α : Z2 y A a pointwise inner action whose associated commuta-
tor u(α) has full spectrum. Let u, v ∈ A be unitaries satisfying α1 = Ad(u)
and α2 = Ad(v).
We start by constructing certain pointwise inner actions on amalgamated
free product C∗-algebras with non-trivial differential d0,02 . Let B be a unital,
separable C∗-algebra whose K-groups both do not vanish. Also assume that
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there exists a central unitary w ∈ U(Z(B)), some n ∈ N, and a projection
p ∈ Pn(B) such that
κ(p,w(n)) 6= k[w] ∈ K1(B) for all k ∈ Z.(9)
Observe that w must have full spectrum.
Consider the two injective ∗-homomorphisms
i1 : C(T) −֒→ A, i1(z) := u(α) and i2 : C(T) −֒→ B, i2(z) := w,
and form the amalgamated free product C := A ∗C(T) B (see [7, Section
10.11.11] for a definition). There are natural unital ∗-homomorphisms j1 :
A→ C and j2 : B → C, which are also injective by [6, Theorem 3.1]. Since
u(α) = w is central in C, the action on A extends to a pointwise inner
Z2-action on C, which we also denote by α. The associated second page
differential d2 satisfies
d0,02 ([p]) = κ(p, u(α)
(n)) = κ(p,w(n)) ∈ K1(C).
Lemma 6.8. We have that d0,02 ([p]) = κ(p,w
(n)) 6= 0 ∈ K1(C).
Proof. By [40, Theorem 6.1], there exists a six-term exact sequence
K0(C(T))
K0(i1)⊕K0(i2) // K0(A)⊕K0(B)
K0(j1)−K0(j2) // K0(C)

K1(C)
OO
K1(A)⊕K1(B)
K1(j1)−K1(j2)oo K1(C(T))
K1(i1)⊕K1(i2)oo
(10)
Since
(K1(j1)−K1(j2))(0⊕−κ(p,w
(n))) = κ(p,w(n)),
it suffices to check that 0⊕−κ(p,w(n)) /∈ im(K1(i1)⊕K1(i2)). We have that
[u(α)] = 0 ∈ K1(A), and therefore
im(K1(i1)⊕K1(i2)) = 0⊕ Z[w].
By assumption, κ(p,w(n)) 6= k[w] for all k ∈ Z, and the proof is complete.

As the conditions on A and B are very mild, Lemma 6.8 applies in many
situations. We would like to discuss one example, which is of particular
interest. Take A := C∗(H3) and equip it with the natural action α defined
in the last subsection. Let B := C(T) ⊕ C(T) and set w := z ⊕ z and
p := 1⊕0. Observe that these elements satisfy (9). Define the amalgamated
free product C1 := A ∗C(T) B and consider the pointwise inner action on
C1 induced by α : Z
2 y A, which we also denote by α. By Lemma 6.8,
κ(p,w) 6= 0 ∈ K1(C1).
The C∗-dynamical system (C1, α,Z
2) is universal for K1-obstructions for
second page differentials associated with pointwise inner Z2-actions in the
following sense. For every unital C∗-algebra D, any pointwise inner action
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γ : Z2 y D with γ1 = Ad(u¯) and γ2 = Ad(v¯), and every projection p¯ ∈ D,
there is a unital and equivariant ∗-homomorphism
ϕ : (C1, α,Z
2)→ (D, γ,Z2), u 7→ u¯, v 7→ v¯, p 7→ p¯.
By naturality of the Baum-Connes spectral sequence,
K1(ϕ)(d
0,0
2 ([p])) = d˜
0,0
2 ([p¯]),
where d˜2 denotes the second page differentials associated with γ. There-
fore, we can think of d0,02 ([p]) = κ(p, u(α)) ∈ K1(C1) as the universal K1-
obstruction for second page differentials associated with pointwise inner Z2-
actions.
The universal property of (C1, α,Z
2) also yields that κ(p, u(α)) ∈ K1(C1)
has infinite order and induces a split-injection Z [κ(p, u(α))] −֒→ K1(C1).
To see this, consider the C∗-dynamical system (C∗(H3) ⊗ O
∞, α ⊗ id,Z2),
where O∞ is the (unique) UCT Kirchberg algebra with K0(O
∞) = 0 and
K1(O
∞) ∼= Z. The proof of Theorem 6.6 and the fact that C∗(H3)⊗O
∞ is
properly infinite show that there exists a projection q ∈ C∗(H3)⊗O
∞ such
that the cyclic subgroup generated by
0 6= d0,02 ([q]) ∈ K1(C
∗(H3)⊗O
∞)
sits inside K1(C
∗(H3)⊗O
∞) ∼= Z3 as a direct summand. Hence, the univer-
sal property of (C1, α,Z
2) applied to (C∗(H3)⊗O
∞, α⊗ id,Z2) and q yields
the desired result.
Proposition 6.9. The canonical embedding j1 : A −֒→ C1 is split-injective
in K-theory and induces the following decompositions:
K0(C1) ∼= K0(A)⊕ Z[p] and K1(C1) ∼= K1(A)⊕ Z[κ(p, u(α))].
In particular, K0(C1) ∼= K1(C1) ∼= Z
4.
Proof. A short computation shows that
K∗(i1)⊕K∗(i2) : K∗(C(T))→ K∗(A)⊕K∗(B)
is split-injective. Hence the six-term exact sequence (10) associated with
the amalgamated free product C1 = A ∗C(T) B reduces to a split-extension
0 // K∗(C(T))
K∗(i1)⊕K∗(i2)// K∗(A)⊕K∗(B)
ww K∗(j1)−K∗(j2)// K∗(C1) // 0.
(11)
Consequently, K∗(C1) is torsion-free. By recalling that the K-theory of the
Heisenberg group C∗-algebra A satisfies K0(A) ∼= K1(A) ∼= Z
3, we conclude
that K0(C1) ∼= K1(C1) ∼= Z
4.
The universal property of the amalgamated free product yields a ho-
momorphism ϕ : C1 → A satisfying ϕ ◦ j1 = idA, (ϕ ◦ j2)(p) = 1, and
(ϕ ◦ j2)(w) = u(α). Obviously, ϕ is surjective with splitting j1 : A −֒→ C1.
This shows that K∗(j1) is split-injective. Moreover, we get that [p] ∈ K0(C1)
has infinite order and induces a split-injection Z[p] −֒→ K0(C1). Since
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we already know that the analogous statement for κ(p, u(α)) ∈ K1(C1) is
true as well, it remains to show that [p] and κ(p, u(α)) both do not lie in
K∗(j1)(K∗(A)) ⊆ K∗(C1).
Suppose that there is some g ∈ K0(A) with K0(j1)(g) = [p]. As
(K0(j1)−K0(j2))(0 ⊕−[1⊕ 0]) = [p],
exactness of (11) yields the existence of some k ∈ Z satisfying
k([1] ⊕ [1⊕ 1]) + g ⊕ 0 = 0⊕−[1⊕ 0].
This is a contradiction, and thus [p] /∈ K0(j1)(K0(A)). A similar argument
yields κ(p, u(α)) /∈ K1(j1)(K1(A)) if one uses that
(K1(j1)−K1(j2))(0 ⊕−[z ⊕ 0]) = κ(p, u(α)) ∈ K1(C1).

Theorem 6.10. The second page differential d2 associated with α : Z
2 y A
is non-trivial. The K-theory of the crossed product C1 ⋊α Z
2 satisfies
K0(C1 ⋊α Z
2) ∼= K0(C1 ⋊α Z
2) ∼= Z13.
In particular, K∗(C1 ⋊α Z
2) ≇ K∗(C1 ⊗ C(T
2)).
Proof. We have that
d0,02 ([p]) = κ(p, u(α)) and d
0,1
2 (κ(p, u(α))) = 0.
Note that the second equality is a consequence of Proposition 6.4. As
K∗(j1) : K∗(A) → K∗(C1) is split-injective by Proposition 6.9, natural-
ity of the Baum-Connes spectral sequence yields that on K∗(A) ⊂ K∗(C1),
d0,∗2 : K∗(C1) → K∗−1(C1) coincides with the second page differential asso-
ciated with (A,α,Z2). The proof of Theorem 6.6 therefore yields that
coker(d0,02 )
∼= ker(d
0,0
2 )
∼= Z3 and coker(d
0,1
2 )
∼= ker(d
0,1
2 )
∼= Z2.
As in the proof of Theorem 6.6, the statement now follows from the Pimsner-
Voiculescu sequence associated with (C1 ⋊α1 Z, αˇ2,Z). 
Let us present another instance of a C∗-dynamical with non-trivial second
page differential arising from the above construction. Whereas (C1, α,Z
2)
is interesting for its universal property, the next C∗-dynamical system is
minimal concerning the K-groups of the underlying C∗-algebra.
Theorem 6.11. There exists a unital, separable C∗-algebra C with K0(C) ∼=
K1(C) ∼= Z, which admits a pointwise inner Z
2-action α that is pointwise
homotopic to the trivial action inside Inn(A) and whose associated second
page differential d2 is non-trivial. The K-theory of the associated crossed
product is given by
K0(C ⋊α Z
2) ∼= K1(C ⋊α Z
2) ∼= Z3.
In particular, K∗(C ⋊α Z
2) ≇ K∗(C ⊗ C(T
2))
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Proof. Define A := C∗(H3)⊗O2 and note that this C
∗-algebra has trivial K-
theory, see [12, Theorem 2.3]. Kirchberg’s absorption theorem [21] implies
that A ∼= A ⊗ Z, where Z denotes the Jiang-Su algebra. Hence A is K1-
injective by [19, Corollary 2.10]. The unitaries u ⊗ 1 and v ⊗ 1 ∈ A are
therefore homotopic to 1 ∈ U(A). By identifying u(α)⊗ 1 ∈ A with z ⊕ z ∈
C(T)⊕ C(T), we can form the amalgamated free product
C := A ∗C(T) (C(T)⊕ C(T)).
Consider the pointwise inner Z2-action α on C induced by Ad(u ⊗ 1) and
Ad(v⊗1), which is obviously pointwise homotopic to the trivial action inside
Inn(A). A similar calculation as in the proof of Proposition 6.9 shows that
K0(C) = Z[p] and K1(C) = Z [κ(p, u(α))]. Moreover, d
0,0
2 ([p]) = κ(p, u(α))
and d0,12 = 0. The result now follows from the Pimsner-Voiculescu sequence
for (C ⋊α1 Z, αˇ2,Z). 
Next, we present an analogous construction yielding pointwise inner Z2-
actions on amalgamated free product C∗-algebras with non-trivial second
page differential d0,12 . Let B be a unital, separable C
∗-algebra whose K-
groups both do not vanish. Assume further that there is a central unitary
w ∈ U(Z(B)) with full spectrum and a unitary x ∈ Un(B) such that
κ(w(n), x) 6= k[1] ∈ K0(B) for all k ∈ Z.(12)
The two injective ∗-homomorphisms
i1 : C(T) −֒→ A, i1(z) := u(α) and i2 : C(T) −֒→ B, i2(z) := w,
give rise to an amalgamated free product C := A ∗C(T) B. Observe that
u(α) = w is a central unitary in C, and hence α extends to a pointwise
inner action on C, which we also denote by α. Then d0,12 : K1(C)→ K0(C)
satisfies
d0,12 ([x]) = κ(u(α)
(n), x) = κ(w(n), x) ∈ K0(C0).
Lemma 6.12. It holds that d0,12 ([x]) = κ(w
(n), x) 6= 0 ∈ K0(C).
Proof. The proof is very similar to the one of Lemma 6.8. 
Remark 6.13. If [1] ∈ K0(A) has infinite order, then Lemma 6.12 remains
true if we replace (12) by the condition that κ(w(n), x) 6= 0 ∈ K0(B).
There exists a C∗-dynamical system (C0, α,Z
2) which is universal for K0-
obstructions for second page differentials associated with pointwise inner
Z2-actions. To define it, let again A := C∗(H3) and equip it with the
natural Z2-action α from the last subsection. Moreover, let B := C(T2) and
set w := z1 and x := z2. As κ(w, x) = b ∈ K0(B), (12) is clearly satisfied.
Form the amalgamated free product C0 := A ∗C(T) C(T
2), which carries the
induced pointwise inner Z2-action α.
Universality of this system expresses in the following property. Given a
unital C∗-algebra D, a pointwise inner action γ : Z2 y D with γ1 = Ad(u¯)
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and γ2 = Ad(v¯) and a unitary x¯ ∈ U(D), there is a unital and equivariant
∗-homomorphism
ϕ : (C0, α,Z
2)→ (D, γ,Z2), u 7→ u¯, v 7→ v¯, x 7→ x¯.
By the naturality of the Baum-Connes spectral sequence,
K0(ϕ)(d
0,1
2 ([x])) = d˜
0,1
2 ([x¯]),
where d˜2 denotes the second page differential associated with γ. In this
way, d0,12 ([x]) = κ(u(α), x) ∈ K0(C0) can be considered as the universal
K0-obstruction for second page differentials associated with pointwise inner
Z2-actions.
Note that the proof of Theorem 6.6 shows that κ(u(α), x) ∈ K0(C0) has
infinite order and that Z[κ(u(α), x)] −֒→ K0(C0) is split-injective.
Proposition 6.14. The canonical embedding j1 : A −֒→ C0 is split-injective
in K-theory and induces the following decompositions:
K0(C0) ∼= K0(A)⊕ Z[κ(u(α), x)] and K1(C0) ∼= K1(A)⊕ Z[x].
In particular, K0(C0) ∼= K1(C0) ∼= Z
4.
Proof. The proof is similar to the one of Proposition 6.9. 
Theorem 6.15. The second page differential associated with α : Z2 y C0
is non-trivial. The K-theory of the crossed product C0 ⋊α Z
2 satisfies
K0(C0 ⋊α Z
2) ∼= K1(C0 ⋊α Z
2) ∼= Z13.
In particular, K∗(C0 ⋊α Z
2) ≇ K∗(C0 ⊗ C(T
2)).
Proof. It holds that
d0,12 ([x]) = κ(u(α), x) and d
0,0
2 (κ(u(α), x)) = 0,
Note that the second equality is a consequence of Proposition 6.4. As
K∗(j1) : K∗(A) → K∗(C0) is split-injective by Proposition 6.14, natural-
ity of the Baum-Connes spectral sequence yields that on K∗(A) ⊂ K∗(C0),
d0,∗2 : K∗(C0) → K∗−1(C0) coincides with the second page differential asso-
ciated with (A,α,Z2). The proof of Theorem 6.6 therefore yields
d0,02 (α) = 0 and ker(d
0,1
2 )
∼= coker(d
0,1
2 )
∼= Z.
Finally, we proceed as in the proof of Theorem 6.6, and consider the Pimsner-
Voiculescu sequence for (C0 ⋊α1 Z, αˇ2,Z). 
Appendix A. Spectral sequences associated with finite
cofiltrations of C∗-algebras
We recall the construction of the spectral sequence associated with a finite
cofiltration of C∗-algebras. This construction is closely related to Schochet’s
spectral sequence [38] associated with a filtration of a C∗-algebra by closed
ideals. For further information on spectral sequences, we refer the reader to
[41].
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Consider the following finite cofiltration of C∗-algebras
A = Fn
pin // // Fn−1 // // · · · // // F1
pi1 // // F0
pi0 // // F−1 = 0.(13)
We trivially extend it by setting Fk := Fn for k > n, Fk := 0 for k < −1,
and πk := idFk in either case.
The ideal Ik := ker(πk) induces a short exact sequence
0 // Ik
ιk // Fk
pik // Fk−1 // 0,(14)
whose associated boundary map is denoted by ρ
(k)
∗ : K∗(Fk−1)→ K∗+1(Ik).
The spectral sequence we construct allows, in principle, to determine the
K-theory of A by means of K∗(Ik) and K∗(Fk). We use the following stan-
dard technique due to Massey [26, 27].
Definition & Proposition A.1 (Exact couple). An exact couple is a pair
of abelian groups A,B together with group homomorphisms f : A → A,
g : A→ B, and h : B → A such that the diagram
A
f // A
g
⑦⑦
⑦⑦
⑦⑦
⑦⑦
B
h
__❅❅❅❅❅❅❅❅
commutes and is exact in the sense that at each place the image of the in-
going arrow coincides with the kernel of the out-going one. We shall denote
such an exact couple by (A,B, f, g, h). The derived couple is the induced
exact couple (im(f), ker(g ◦ h)/ im(g ◦ h), f, g′, h′), where
g′(a) = [g(a¯)] for a = f(a¯) ∈ im(f),
h′([b]) = h(b) for b ∈ ker(g ◦ h).
A morphism of exact couples (ϕ,ψ) : (A,B, f, g, h)→ (A′, B′, f ′, g′, h′) is
a pair of group homomorphisms ϕ : A→ A′ and ψ : B → B′ such that
ϕ ◦ f = f ′ ◦ ϕ, ϕ ◦ h = h′ ◦ ψ, ψ ◦ g = g′ ◦ ϕ.
A morphism of exact couples naturally induces a morphism between the
derived couples.
Let us now explain how the notion of exact couples can be used to obtain
the desired spectral sequence associated with (13). For p, q ∈ Z, let
Ep,q1 := Kp+q(Ip) and D
p,q
1 := Kp+q(Fp),
and set
E∗,∗1 :=
⊕
p,q∈Z
Ep,q1 and D
∗,∗
1 :=
⊕
p,q∈Z
Dp,q1 .
40 SELC¸UK BARLAK
The long exact sequences associated with (14) give rise to an exact couple
D∗,∗1
K∗(pi∗)
(−1,1)
// D∗,∗1
ρ
(∗)
∗
(1,0)
}}④④
④④
④④
④④
④④
④④
E∗,∗1
K∗(ι∗)
(0,0)
aa❈❈❈❈❈❈❈❈❈❈❈❈
(15)
We have attached each arrow with a pair of numbers denoting the bidegree
of the respective map. Often, the bigrading is suppressed and we just write
E1 and D1.
To obtain the derived exact couple, define d1 : E1 → E1 by
dp,q1 := ρ
(p+1)
p+q ◦Kp+q(ιp) : E
p,q
1 → E
p+1,q
1 .
Then, d1 obviously has bidegree (1, 0) and satisfies d1 ◦ d1 = 0 by exactness
of (15). Set
Ep,q2 := ker(d
p,q
1 )/ im(d
p−1,q
1 ) and D
p,q
2 := im(Kp+q(πp+1)),
and define
ιp,q : E
p,q
2 → D
p,q
2 , [y] 7→ Kp+q(ιp)(y),
ρp,q : D
p,q
2 → E
p+2,q−1
2 , x 7→ [ρ
(p+2)
p+q (x¯)],
where Kp+q(πp+1)(x¯) = x. The derived couple of (15) is now given by
D∗,∗2
K∗(pi∗)
(−1,1)
// D∗,∗2
ρ∗,∗
(2,−1)
}}④④
④④
④④
④④
④④
④④
E∗,∗2
ι∗,∗
(0,0)
aa❈❈❈❈❈❈❈❈❈❈❈❈
We can use the endomorphism d2 : E2 → E2 given by d
p,q
2 = ρp,q ◦ ιp,q to
derive another exact couple. Observe that d2 has bidegree (2,−1).
By repeating this procedure, we obtain a family of pairs (Ek, dk)k≥1, the
spectral sequence associated with the cofiltration (13). The abelian group
Ek is called the Ek-term, and dk is called the k-th page differential, which
has bidegree (k,−k + 1).
Bott periodicity gives rise to isomorphisms (Ep,2qk , d
p,2q
k )
∼= (E
p,0
k , d
p,0
k ), i.e.
group isomorphisms respecting the respective differentials. However, we will
not always use these identifications, since the bookkeeping of the occurring
indices is easier using the original notation.
For m ≥ n+ 1 and for all p, q ∈ Z, the differential
dp,qm : E
p,q
m → E
p+m,q−m+1
m
vanishes since either Ep,qm = 0 or E
p+m,q−m+1
m = 0. Therefore, Em = En+1,
and we say that the spectral sequence collapses. We define the E∞-term as
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Ep,q∞ := E
p,q
n+1. It is connected to K∗(A) in the following way. For q = 0, 1,
consider the diagram
Kq(A) = Kq(Fn) // Kq(Fn−1) // · · · // Kq(F−1) = 0.
Define FpKq(A) := ker(Kq(A) → Kq(Fp)) for p = −1, . . . , n, and observe
that this gives rise to a filtration of abelian groups
0 = FnKq(A)
  / Fn−1Kq(A)
  / · · · 
 / F−1Kq(A) = Kq(A).
One can now show the existence of exact sequences
0 // FpKp+q(A) // Fp−1Kp+q(A) // E
p,q
∞
// 0,
or in other words, there are isomorphisms
Ep,q∞
∼= Fp−1Kp+q(A)
/
FpKp+q(A).
Hence, the E∞-term determines the K-theory of A up to group exten-
sion problems. We say that the spectral sequence (Ek, dk)k≥1 converges
to K∗(A).
Remark A.2. The inductive definition of (Ek, dk) using exact couples ad-
mits the following description of the differential dp,qk : E
p,q
k → E
p+k,q−k+1
k .
Let [x] ∈ Ep,qk be represented by x ∈ Kp+q(Ip), and consider its image
Kp+q(ιp)(x) ∈ Kp+q(Fp) under the map induced by the natural inclusion
ιp : Ip → Fp. Since we have started in Ek, there is a lift y ∈ Kp+q(Fp+k−1)
for Kp+q(ιp)(x) under Kp+q(Fp+k−1)→ Kp+q(Fp). Then
dp,qk ([x]) =
[
ρ
(p+k)
p+q (y)
]
∈ Ep+k,q−k+1k .
The spectral sequence associated with a finite cofiltration is natural in the
following sense. Assume that we have a commutative diagram of the form
A // //
ϕ

Fn−1 // //
ϕn−1

· · · // // F0 //
ϕ0

0
B // // Gn−1 // // · · · // // G0 // 0.
We write (EA,k, dA,k)k≥1 and (EB,k, dB,k)k≥1 for the spectral sequence as-
sociated with the upper and lower cofiltration, respectively. Note that the
ϕk are uniquely determined by ϕ. By the naturality of K-theory, ϕ in-
duces a morphism between the exact couples (15) belonging to the upper
and lower cofiltration, respectively. In this way, we obtain a morphism of
spectral sequences, i.e. a collection of homomorphisms with bidegree (0, 0)
Ek(ϕ) : EA,k → EB,k, k ≥ 1,
which are compatible with the differentials dA,k and dB,k. This in turn
yields a bigraded group homomorphism E∞(ϕ) : EA,∞ → EB,∞. Such a
spectral sequence homomorphism is called an isomorphism, if there is some
k ≥ 1 such that Ek(ϕ) is an isomorphism. Note that in this case, El(ϕ)
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is an isomorphism for all l ≥ k. If ϕ is a ∗-isomorphism, then, of course,
(Ek(ϕ))k≥1 is an isomorphism of spectral sequences.
Such a spectral sequence homomorphism is well-behaved with respect to
convergence in the following sense. By the naturality of K-theory, we get a
commutative diagram
0 
 / Fn−1Kq(A)
  /
Fn−1Kq(ϕ)

· · · 
 / Kq(A)
Kq(ϕ)

0 
 / Fn−1Kq(B)
  / · · · 
 / Kq(B)
One can show that E∞(ϕ) is induced by F∗K∗(ϕ) in the sense that for every
p = −1, . . . , n and q = 0, 1, there is a commutative diagram with exact rows
0 // FpKq(A) //
FpKq(ϕ)

Fp−1Kq(A) //
Fp−1Kq(ϕ)

Ep,q∞ //
Ep,q∞ (ϕ)

0
0 // FpKq(B) // Fp−1Kq(B) // E
p,q
∞
// 0
This yields a method to determining K∗(ϕ) by means of the spectral se-
quences whenever ϕ : A→ B is a cofiltration-respecting ∗-homomorphism.
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